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Abstract

We study the screening problem of a firm that needs to hire a worker to produce output and that
observes neither the productive ability nor the intrinsic motivation of the worker applying for the job.
We completely characterize the set of optimal contracts and we show that it is always in the firm’s
interest to hire all types of worker, even the worst ones, and to offer different contracts to different
types of employees. Interestingly, the highest social welfare attains when motivation is high but not
so much as to become more significant than productive ability. Moreover, when motivation is very
high, incentives force the firm to offer a strictly positive wage to workers who derive a positive utility
from effort exertion and who become paid volunteers. These results prove that very high motivation
is not a socially desirable workers’ characteristic.
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1 Introduction

A recent literature addresses the issue of the selection of applicants in a labor market where potential
workers can be intrinsically motivated for the job, as in the market for civil servants, health professionals
and, teachers (Handy and Katz 1998, Delfgaauw and Dur 2007, 2010 Francois 2000, Heyes 2005). A
shared view from this literature is that high wages are necessary to attract applicants with high skills,

but this comes at the cost of employing workers that are less motivated for the task to be performed.
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Conversely, low monetary wages select highly motivated workers, who might not necessarily be talented
or skilled. This suggests that firms are not able to screen potential applicant according to both productive
ability and motivation despite the fact that the workers’ overall performance depends on the combination
of both characteristics. And, in a world where workers’ attributes are not observable, a firm should
design optimal compensation practices taking into account the interplay between intrinsic motivation
and productive ability. We depart from this view claiming that a firm can succeeds in solving this
problem offering simple contracts based on one screening instrument only and a non-linear wage.

Take the market for nurses, where hospitals typically offer contracts characterized by a different
number of working hours: in the US, part-time contracts require about 24 hours each week, full-time
nurses work an average of about 43 hours a week; moreover nurses can choose paid voluntary overtime
up to a total amount that cannot exceed 60 hours a week.! As for nurses monetary compensation, the
total salary they receive is generally represented by an hourly wage that depends on the number of hours
worked per day: it encompasses part-time penalties and/or overtime premia. We show that such simple
contracts, defined only by the number of hours worked per week and by the total salary, enable the
hospital to screen applicants with respect to two different dimensions of private information, namely
ability and intrinsic motivation. In particular, our model predicts that high-ability motivated applicants
choose the contract with the largest voluntary overtime and low-ability non-motivated nurses are targeted
to part-time contracts.

As is well known, also workers’ career concerns can be used as a screening device. Typically workers
self-select into different career paths: some of them accept tasks involving strong performance evaluation
in exchange for more likely and faster promotions; some others prefer a slower progress up the job ladder
together with lower pay and almost no performance evaluation. In the academia, for instance, junior
professors can choose between tenure-track positions, which require them to demonstrate, within a short
time span, a strong record of published research, grant funding, teaching and administrative service and
positions off the tenure track (such as lecturer or adjunct professor), which require them to teach full-
or part-time but with few or no research responsibilities. Here an optimal contract consists of the career
path and the overall compensation. Intuitively, tenure-track positions are targeted to attract the best
researchers.

We investigate the problem of the selection of workers whose overall performance results from the

interplay of skills and motivation and we thus contribute to the existing literature by explicitly accounting

IBae (2012) presents a quantitative survey data collected from registered nurses who worked in hospitals as staff nurses
in North Carolina and West Virginia in 2010-2011. Concerning overtime, the author shows that 33.2% of nurses working
overtime are choosing to perform voluntary paid overtime; among them, 42% are working overtime more than 12 hours a
week. Interestingly, the survey also considers the reasons reported by nurses as to why they worked overtime. Nearly half

(46.3%) of nurses choosing voluntary overtime declared that they “like to work overtime”.



for the bidimensional nature of workers’ private information. The most closely related papers are Heyes
(2005) and Delfgaauw and Dur (2007) that deal with the selection of workers who are privately informed
about their motivation but that do not include skills’ heterogeneity. Delfgaauw and Dur (2008) considers
both attributes but do not explicitly solve the bidimensional screening problem since their principal only
hires a limited set of types.?

We consider a principal-agent relationship where agents’ skills (or productive ability) and intrinsic
motivation are independently and discretely distributed, and take two possible values. Productive ability
lowers the worker’s cost of providing effort whereas motivation is interpreted as the worker’s enjoyment
of her personal contribution to the firm’s outcome or as a non-monetary benefit accruing to the worker
when performing a given task. Since worker’s characteristics can not be observed by the employer, they
can not be contracted upon. Instead, we assume that the firm can observe and verify the effort levels
provided by different types of workers. Thus, the employer offers a menu of contracts consisting in
different combinations of wage rate and effort provision. Our goal is then to describe the set of contracts
that are compatible with workers’ self-selection in such an asymmetric information framework and, in
particular, to analyze which types of workers are hired and which are the optimal compensation practices
that the firm adopts.?

The complete characterization of optimal contracts allows us to deliver some novel and interesting
insights. Despite having only one instrument (the observable effort level), the firm succeeds in solving the
bidimensional screening problem by offering contracts that entail full separation and full participation
of types, which always dominate the equilibria with pooling or exclusion. Thus, screening is not too
costly for the firm, neither in terms of information rents that the principal leaves to the most motivated
and/or most able type, nor in terms of distortions of effort levels that less motivated and/or less able
types are required to provide. From this viewpoint, our results stand in contrast with the literature on
multidimensional screening with a continuum of types (Laffont et al. 1987 and Basov 2001, 2005) which
predicts that exclusion and bunching are inevitable.

Our results are driven by the relative importance of the difference in motivation vis ¢ vis the difference
in ability, which influences the principal’s “preference ordering” over the possible types. High-skilled
motivated workers are unambiguously the best types, since they provide the highest possible level of
effort, low-skilled non-motivated employees are the worst types while there is no natural ranking of

intermediate types.* Accordingly, there are two possible states of the world to be studied. The first one

2 A detailed description of the related literature is provided in a separate section which follows.

3With a slight loss of generality, our analysis could be entirely rephrased in terms of a governmental agency (the principal)
willing to hire a manager (the agent) who might be endowed with public service motivation.

40One may ask whether this screening problem could be analyzed in the simpler one-dimensional setup with different
types of workers being characterized by a different “overall (un-)willingness to exert effort”. The answer is no because

ability and motivation influence effort provision in a different way so that it is not possible to represent them together using



is characterized by motivation prevailing over ability, in which case the low-ability motivated worker is
asked to provide a higher effort than the high-ability non-motivated type. The second is characterized
by ability being more significant than motivation so that high-skilled non-motivated workers are induced
to exert higher effort than low-skilled motivated ones.

When motivation prevails, we obtain an intriguing result: low-skilled motivated workers may become
“paid volunteers”, as they enjoy a net wutility from effort provision at the optimal contract even if their
salary is always strictly positive because of the information rents that they necessarily receive for truthful
revelation.

When ability prevails over motivation, but vocation is still high, a tension realizes: on the one hand,
at any optimal contract, the high-skilled non-motivated worker is required to provide a higher effort than
the low-skilled motivated one; on the other hand, as motivation increases, the motivated worker faces a
diminishing disutility of effort so that it becomes more and more convenient to increase her effort and
more and more difficult to meet the previous monotonicity condition. This tension drives not only the
standard result of no distortion at the top, but it also induces no distortion for the effort provided by low-
skilled motivated workers. In this situation, effort distortions are minimal and the maximal levels of effort
provision and output production are reached. So our model predicts that, from a social point of view, it
is better when motivation is not too high and rather when workers’ ability prevails over motivation.

As for the optimal wage schemes, under full information, high-ability non-motivated workers are
always paid the highest wage, while motivated low-ability employees are always paid the lowest salary.
At the second-best, however, there is a switch in the ranking of rewards: high-skilled motivated workers
always receive the highest salary and low-skilled non-motivated ones receive the lowest wage rate. In
particular, it is the type with the lowest overall cost of effort provision who receives the highest transfer,
despite her positive motivation, while the type with the highest overall cost of providing effort obtains
the lowest reward, even if she is not motivated. Hence, under asymmetric information, a firm always
offers to motivated workers a larger wage than to non-motivated ones, for given workers’ ability. This
result does not match the key prediction of the previous literature on intrinsic motivation (see Handy
and Katz 1998, Besley and Ghatak 2005, Delfgaauw and Dur 2007, 2008), namely that relatively low
pay and weak monetary incentives endogenously emerge in jobs where intrinsic motivation matters. In
our model, a wage premium for motivated workers emerges because motivated employees are able to
mimic non-motivated ones and truthful revelation requires an information rent which makes their salary
increase. This is also the reason why (except when motivation is very low) motivated workers enjoy a

higher utility than non-motivated ones, irrespective of their ability.

a single summary statistic. Indeed, it is the combination of both ability uncertainty and motivation uncertainty that gives

rise to the equilibria that are dominating in terms of total surplus.



The rest of the paper is organized as follows. In the following subsection we describe the related
literature. In Section 2, we set up the model, describe the first-best (Section 2.1.1) and two benchmark
cases in which there is asymmetric information on one dimension only, be it ability (Section 2.1.2) or
intrinsic motivation (Section 2.1.3). In Section 3, we consider the interaction between the two sources
of incomplete information. We distinguish between the two polar cases in which: () motivation has a
larger impact than ability on the worker’s overall cost of effort provision (Section 3.1) or (i) ability has
a larger impact than motivation on the worker’s cost of effort provision (Section 3.2). In the text, we
provide a qualitative characterization of informational rents and optimal contracts with full separation
and full participation of types and we compare the properties of the different classes of equilibria. All
proofs are relegated to the Appendix as well as the formal analysis of bunching and/or exclusion. Section

4 is devoted to a summary of results and their economic interpretation and Subsection 4.1 concludes.

1.1 Related literature

Our work contributes to two different strands of literature: from an economic point of view, it adds to
the recent and rapidly growing literature on the selection of workers with intrinsic motivation; from a
technical point of view, it explicitly solves the principal-agent problem in a labor market where workers
are characterized by two different dimensions of private information.

The problem of the design of optimal incentive schemes for intrinsically motivated workers has been
tackled by Murdock (2002), Besley and Gathak (2005) and Ghatak and Mueller (2011), whose attention
has been primarily devoted to moral hazard, while we consider the screening problem.

Heyes (2005) and Delfgaauw and Dur (2007) are the first papers that address the issue of the selection
of workers who are privately informed about their vocation. They show that, as a worker’s motivation
increases, the worker’s reservation wage decreases. Therefore, as the wage increases, the average moti-
vation of the workers who are willing to accept the job deteriorates. Delfgaauw and Dur (2007) use a
directed search framework & la Diamond, Mortensen and Pissarides and they show that optimal wage
schemes entail a trade-off between the probability of filling a vacancy, the rents left to the workers and
the expected motivation of job applicants. Our analysis departs from this work because it includes a
second source of asymmetric information (productive ability) and, most importantly, because it resorts
to a direct revelation mechanism allowing the principal to infer the workers’ true types.

Delfgaauw and Dur (2010) consider a richer framework where workers are heterogeneous with respect
to both their intrinsic motivation to work at a firm and their ability. They focus on the issue of managerial
self selection into public vs private sectors under full information on the workers’ characteristics: they
argue that the return to managerial ability is always lower in the public sector than in the private sector

provided that the demand for public sector output is not too high and that motivation is unrelated to



either effort provision or to the firm’s outcome. They conclude that attracting a more able managerial
workforce to the public sector by increasing remuneration up to the private sector levels is not efficient.
Finally, Barigozzi and Raggi (2013) and Barigozzi and Turati (2012) consider labor supply in a market
where workers have private information on both productive ability and motivation. They show that
the lemons’ problem might be exacerbated by the presence of multidimensional asymmetric information
because an increase in the market wage can determine a simultaneous decrease in both average vocation
and average of applicants.

Our paper is also closely related to Handy and Katz (1998) and Delfgaauw and Dur (2008). The
first authors argue that non-profits attract motivated managers by offering them compensation packages
involving lower money wages and a larger component of institution-specific fringe benefits as compared to
the private sector. But their results are driven by an exogenously given ranking of reservation wages for
the different types of managers. Delfgaauw and Dur (2008) characterize the optimal incentive schemes
offered by a public agency when workers differ in laziness (the opposite of our productive ability) and
public service motivation. They show that, when workers’ effort is contractible and when the production
required by the public institution is sufficiently high, the institution attracts dedicated and productive
workers as well as the economy’s laziest workers. Dedicated workers are asked to exert higher effort than
in the private, perfectly competitive sector whereas lazy workers’ effort is distorted downwards in order
to make their contract unattractive for dedicated workers. We depart from the last paper in two main
ways: we consider one sector in isolation and our principal is not constrained to hire at most two types

of agents.

The literature on the analysis of optimal screening of agents with unknown characteristics has flour-
ished in the last two decades of the twentieth century. Nonetheless, this problem has mainly been exam-
ined under the assumption of unidimensional asymmetric information. The interesting and possibly more
realistic cases where agents have several unobservable characteristics have been studied by few important
works: Armstrong and Rochet (1999), Armstrong (1996), Rochet and Chonée (1998), Armstrong (1999),
Basov (2001, 2005) and Deneckere and Severinov (2011). They all show that it is almost impossible to
extend to the multidimensional environment the qualitative results and the regularity conditions of the
unidimensional case.

Armstrong and Rochet (1999) provide a complete characterization of the optimal contracts when the
dimensionality of actions is the same as the dimensionality of private information and the type space
is discrete. Our model too is characterized by a discrete type space, but there is only one screening
instruments (namely the contractible effort level) available to the principal. When the dimensionality of
actions is smaller than the dimensionality of private information and the type space is continuous, Laffont
et al. (1987) explicitly solve the problem of optimal nonlinear pricing by a regulated monopoly. Again in
the continuous setup, Armstrong (1996), Rochet and Chone (1998), Basov (2001, 2005) and Deneckere



and Severinov (2011) present several useful techniques to solve the problem of multidimensional screening,
which cannot be applied when the types space is discrete. These papers show that exclusion is generic
and full separation of types is impossible. In other words, it is typically optimal for the principal not
to serve the lower part of the agent’s distribution and to offer the same contract to different (usually
intermediate) types of agents.

Our analysis owes much to Armstrong (1999), who considers optimal price regulation of a monopoly
that is privately informed about both its cost and demand functions. He solves a discrete model dis-
tinguishing between two main classes of problems. If cost uncertainty is relatively more important than
demand uncertainty, then optimal prices are always weakly above marginal costs. Conversely, if demand
uncertainty is more significant than cost uncertainty, then pricing below marginal cost could be optimal.
Armstrong (1999) explicitly ignores the issue of exclusion by restricting the parameter space so that it is
never optimal for the regulator to shut down some types of firm. Notably, in our model there is no need
to impose analogous conditions: the problem is sufficiently well-behaved so that full participation always

dominates exclusion and full separation of types always dominates pooling.

2 The model

We consider a principal-agent model with bidimensional adverse selection. Both the principal and the
agent are risk neutral. The principal (he) is willing to hire only one agent (she) to perform a given task.

The production function is such that the only input is labor supplied by the agent. We call e the
observable and measurable effort (task) level that the agent is asked to provide.” The production function
displays constant returns to effort in such a way that ¢ (e¢) = e. The principal’s payoff function can be
written as

T=e€—w,

where the price of output is assumed to be exogenous and normalized to 1, and w is the salary paid to
the hired worker. Obviously, the principal’s profit depends on the type of the agent.

Suppose that agents differ in two characteristics, productive ability and intrinsic motivation. As for
ability, we interpret a highly productive potential worker as an agent incurring in a low cost of providing
a given effort level. Workers can have only two possible levels of ability 0; € {0,005} . Employees can
be highly productive, i.e. they can have a low cost of effort 6, with probability v, or they can be less
productive and have a high cost of effort 6y, with probability 1 — v, where 0 > 01, > 0. As for intrinsic

motivation, we mainly refer to Delfgaauw and Dur (2008) and assume that workers, to a certain extent,

5In particular, the variable e can be interpreted as a job-specific requirement like the amount of hours of labor the agent

is asked to devote to production or the speed at which a production line is run in a factory.



derive utility from exerting effort. Since there exists a one-to-one relationship between effort exerted and
output produced by the firm, this interpretation is equivalent to considering intrinsic motivation as the
enjoyment of one’s personal contribution to the firm’s outcome.’,” Paralleling ability, we assume that
motivation can take only two possible values 7, € {7,y }. Workers can have either high motivation
v, With probability u, or low motivation v, , with probability 1 — p.

Without loss of generality, we normalize the lower bounds of the support of the distribution of both
attributes, setting 61, = 1 and v;, = 0. We will thus focus attention on situations in which agents can be
either intrinsically motivated, with motivation parameter taking value vy = 7 or not motivated at all.
Furthermore, we will impose that 0 < v < 1 and that 1 < 8y = 0 < 2 (the reader is referred to Section
2.1.1 for the justification of such assumptions).

Finally, we assume for simplicity that motivation and productivity have independent distributions.
So, there are four types of agents denoted as ij = {LH, LL, HH, HL} where the first index indicates the
cost of effort provision and the second motivation. Importantly, allowing for more general distribution
functions that admit correlation between ability and motivation does not alter our results, since all
possible classes of equilibria that we find are still relevant with a more general distribution.

The agents’ reservation utility is normalized to zero for all possible types.

Workers’ utility is quasi-linear in income and takes the form
L) o
Ujj = Wij — éeie +75e,

where productivity 0; enters utility with a convex term, while motivation v, enters utility with a linear

term.®

The marginal rate of substitution between effort and wage is given by

_ Ouy;/0e
Ou;j /0w

6The same interpretation of intrinsic motivation can be found in Besley and Ghatak (2005) and Delfgaauw and Dur

MRSe,w: :91-67%,

(2007, 2008, 2010-only as for Section 5) and traces back to the “warm-glow giving” or impure altruism theory in Andreoni
(1990).

TA slightly different view of intrinsic motivation (which suits the model as well) is given by Delfgaauw and Dur (2007,
page 607), who argue that intrinsic motivation might arise because “the firm has some unique trait that is valued differently
by different workers, giving the firm monopsony power”. They also add: “Monopsony power arises naturally when intrinsic
motivation is firm-specific. When it is related to an occupation rather than to working at a particular firm, monopsony
power arises only if there is no other firm (in the neighborhood) offering similar jobs”. In turn, the link between workers’
motivation and market power justifies our hypothesis concerning profit maximization and wage setting on the part of the
principal.

8 This linear-quadratic specification of the utility function is widely used in the literature on workers’ intrinsic motivation
(see Besley and Ghatak 2005 and Delfgaauw and Dur 2010). The same objective function for the agent is also considered in
the literature on multidimensional screening with a continuum of types (see Laffont et al. 1987, Basov 2005, and Deneckere

and Severinov 2011).



which is positive for e > Z—: (it is always positive for non-motivated agents with v, = 0). Thus, when
the effort required by the principal is sufficiently high, motivated workers’ indifference curves have the
standard positive slope in the space (e, w) and effort is a “bad”. Alternatively we can say that, if e > %f,
the agents’ utility is decreasing in effort.

Note that providing effort represents a net cost to the agent when
L) o
*5916 +7,e <0.

The above condition is satisfied for any effort level e > 0 if workers are not motivated and v; = 0 ; if
instead y; > 0, then it is satisfied for effort levels such that e > %1 Thus, only if the effort required
by the principal is sufficiently high (or motivation is sufficiently low) do motivated workers experience a
disutility loss from effort provision and need a positive wage to be willing to exert such effort. Conversely,

if the effort required is sufficiently low, motivated workers could perform their task also when receiving

a non-positive reward (in other words they would be ready to volunteer to be hired by the firm).

Remark 1 When e < %1, a motivated worker obtains a net positive utility from effort exertion and is

thus willing to receive a non-positive reward. We call such a worker a “volunteer”.

Finally, notice that agents’ utility function is well-behaved in the sense that it satisfies the (double)

single-crossing property.’

Remark 2 The single-crossing property is satisfied both with respect to the productivity parameter and

with respect to motivation. In fact MRS, ., is increasing in 0 and decreasing in .

By considering the impact of productivity and motivation together on the workers’ effort and on
the firm’s output, we can say that the most efficient type is worker LH (with low effort cost and high
motivation) who is expected to exert the highest effort, whereas the least efficient type is worker HL
(with high effort cost and no motivation) who is expected to provide the lowest effort. Worker types LL
and HH are in-between and their effort levels cannot be ordered unambiguously.'’

In what follows, we assume that the principal offers the agent a menu of contracts of the form {e, w (e)}.
Applying the Revelation Principle, we will focus on four contracts such that a worker of type ij exerts

effort e;; and receives a wage w (e;;) = w;.

9 All the properties of the utility function extend to the more general case in which the cost of effort is still convex while
the benefit from exerting effort, due to intrinsic motivation, is concave. Moreover, it is possible to prove that all qualitative
results concerning the second-best solutions carry on in this general case.

10Notice that, as mentioned in the Introduction, the existence of two possible orderings of effort levels is a consequence
of the bidimensionality of our problem and could not be generated in a unidimensional set-up with, say, four different types

of employees characterized by a different overall cost of providing effort.



2.1 Benchmark cases
2.1.1 Full information

At the first-best, both ability and motivation are observable. For ¢ = L, H and j = L, H, the principal

solves
max T = e;; — Wi, (FB)
(eij,wiz)

s.t. Us 5 2 0

which is maximized for a level of effort equal to

L4
FB
3
and where the wage levels are set such that each worker receives her zero reservation utility

wFB — (L+7,) (1 *'Vj).

* 20,
If v; < 1is satisfied, then, at the first-best, all wages are non-negative and motivated workers are not

volunteers since they face a net cost from exerting effort.!!

Assumption 1 Let 0 < v < 1. Then, motivated workers are not volunteers and always receive a non-

negative salary at the first-best.

The intuition for this requirement is straightforward. Given Program (FB) and first-order condition
(1), we can interpret 1 + 7 as the total marginal productivity of effort. When v < 1, the contribution of
worker’s intrinsic motivation on the marginal productivity of effort does not dominate the standard one.

Importantly, at the second-best, effort levels might be distorted downwards for workers different from
LH (because of the standard result of distortion for types different from the “top” one). This implies
that Assumption 1 is no longer sufficient to ensure a net cost of the effort when type HH is considered.
Thus, in the next Sections, it will be necessary to check whether e3/53; E 2—(} and we will show that the
worker type HH can experience a net utility from the effort so that she may become a volunteer at the
second-best.

It is immediate to check that ef B > e£B > eEB and ef'B > ef'B > eEB hoth hold. Also note that,

for intermediate types, one has

ef'B < BB if and only if v > A = +*, (2)

1 This assumption allows us to exclude situations where, at the first-best, motivated workers receive a negative wage while
non motivated employees receive a positive salary. Our analysis can be easily extended to allow for volunteers and standard
workers to coexist at the first-best. At the second-best, threshold values obtained when the difference in motivation is more
important than the difference in productivity would change, whereas the classes of equilibria when productivity prevails

over motivation would not be affected.

10



where A = (g —0r)=(0—1), and
el B > eli% if and only if v < A6. (3)

Alternatively, (2) can be restated as

g
err < e < Ad (4)
while (3) is equivalent to'?
v

Given Assumption 1, a necessary condition for (2) is that v* <1 or else § < 2.
Remark 3 The ordering of effort levels at the first-best is as follows:

1. If 0 <2 and v > v* both hold, then the ordering of effort levels is ef B > el > ef'B > elB.

2. If vy < v*, then the ordering of effort levels is ek 5 > ef'B > bl > eliB.

Intuitively, the first (respectively, second) situation occurs when the difference in motivation ~ is
higher (respectively, lower) than the difference in productivity A#, in which case the effort provided by
type HH at the first-best (respectively, type LL) is higher than that of type LL (respectively, HH).

Since both instances are economically relevant, we impose that v* < 1 which is equivalent to 6 < 2.

Assumption 2 Let 1 < 0 < 2. Then 0 < v* <1 holds and all orderings eX/%, z el'B are possible.

Note that, when v = v*, the type space corresponds to a square and types LL and HH are equivalent,
being ef' P = elB.. We will show that the second-best equilibrium requires a pooling contract between
types LL and HH in a whole region around y = v* (see Figure 4).

Let us consider the ranking of wages with perfect information.
Remark 4 The ordering of wage levels at the first-best is as follows:
wip > max {wffj,wif } > min{wl§,w?} > whf >0

For fixed ability, motivated workers always obtain lower rewards than non-motivated ones. In addition,
when wh? > wl'B motivated workers always earn less than non-motivated workers independently of their

productivity.'3

12Take efLB > ef{}%. This amounts to 1—};“‘ < lorelse tol+v < 6.1t follows that v < 0y — 1 = A6 or else that
~ <1= ef'B. Similarly, starting from v < A@ and adding to both sides of the inequality YA# yields ~ < %07- =efB.
The same reasoning can be applied to the opposite case in which efﬁ% > eff.

13The ranking of wages at the first-best is consistent with the theory of compensating wage differentials (Rosen 1986 and
Hwang, Reed and Hubbard 1992) because motivated agents can be interpreted as those workers who have a high willingness

to pay for a desired, non-monetary job attribute and who are thus ready to accept lower wages.

11



2.1.2 Adverse selection on ability

Suppose that workers” motivation ~; is observable to the principal but ability 6; is not, we call this case
Benchmark A, or BA. For fixed j = L, H the principal solves

o (m) = v(er; —wrj) + (1 —v) (em; — wnj) (BA)
subject to the two participation constraints and the two incentive compatibility constraints. Solving for
the effort levels, we find

BA _ _ FB
er; =147, =er;

and

Hj (9 — V) )
where the results of no distortion at the top and downward distortion in the effort exerted by the low-
productivity worker both hold. Finally, it is straightforward to show that full participation is always
optimal or that it is never in the principal’s interest to exclude low-productivity workers (type Hj).'*
As for wages, we have wB4 > 0 if and only if

0(1-v) _ _BA

T< (0 —v)+vA0 —

<1,

meaning that, when productivity is workers’ private information while motivation is observable, type
HH can become a volunteer if motivation is high enough. Moreover, for any given level of employees’

motivation, the wage rate is increasing in workers’ productivity.

2.1.3 Adverse selection on motivation

Suppose now that workers’ productivity 6; is observable to the principal but motivation v; is not, we call
this case Benchmark M, or BM. For fixed ¢ = L, H the principal solves

R S E(r) = p(ein —win) + (1 — p) (eip —wir) (BM)
subject to the two participation constraints and the two incentive compatibility constraints. In fact,
motivated agents have interest in mimicking non-motivated ones whenever the effort they are required to
provide is sufficiently high so as to cause a disutility.

Solving for effort levels we find

1
chpt =5t =l
K3

M1n fact, the principal’s benefit from keeping worker Hj is the expected profit from this worker (1 — v) (eHj — ij) ,
whereas the cost from letting her participate is the information rent %Aee%{j multiplied by the proportion of workers
receiving the rent, that is v. By substituting the expression for the wage in (1 —v) (eHj - ij) , it can be checked that

the principal always offers a non-null contract to low-productivity workers, independently of their motivation.

12



and
eBM — (L—p) —py
’ (1—p) 0

where the results of no distortion at the top and downward distortion in the effort exerted by the non-

motivated worker both hold. Also, e5* > 0 for

N < 1;ul‘ = ABM
where v < vBM always holds if pu < % In words, when + is sufficiently high, the information rent that
the principal must pay to the motivated types is so costly that he prefers to exclude non-motivated
workers. However, the necessary condition for full participation, that is e > 0, is always satisfied if
the proportion p of motivated workers is sufficiently low. Following the same procedure as in Footnote
14, it can be checked that 2™ > 0 is both necessary and sufficient for full participation.

As for wages, they are always increasing in motivation and w;y > w;r. Hence, when motivation is
workers’ private information and ability is observable, the ranking of salaries for workers who are equally
productive but have different vocation is the opposite with respect to the first-best. Under asymmetric
information on motivation, an intrinsically motivated worker always receives a higher salary than a non-
motivated one because the former has to be given information rents in order for her not to mimic the

latter.

3 Screening on ability and motivation

What the benchmark cases predict is the following. When the principal cannot observe workers’ skills
(but is perfectly informed about their motivation), he might take advantage of motivated workers and
make them work for free. As we will see, this turns out to be impossible at the second-best. When the
principal cannot observe workers’ motivation (but is perfectly informed about their skills), he might find
in his interest to exclude non-motivated employees, no matter whether they have high- or low-ability;
again this will not be the case at the second-best. Furthermore, motivated employees are always offered
a higher salary than non-motivated ones, this stands in contrast with the first-best but will be confirmed
at the second-best.

Suppose now that both the workers’ productivity 6; and motivation v, are the agents’ private infor-
mation, we call this situation the second-best. The principal offers the worker a choice of four effort-wage

combinations. For ¢ = L, H and j = L, H, the principal’s program is

max(e, w,,) B (1) = vplerm —wrm)+v (1 —p)(epr —wrr)+ (SB)

(I—=v)plenn —wpn) + (1 —v) (1 —p)(enr —wur)

subject to four participation constraints PC;; and twelve incentive compatibility constraints 1C'jysirj
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(which are listed in Appendix B). There, we show that incentive compatibility and participation con-

straints satisfy some regularity conditions. Moreover, the following monotonicity condition holds
erg > max{err;epp} > min{err;epn} > eqr. (6)

Concerning intermediate types HH and LL, one can add ICpp,sgg and ICy s and find that either

2y
s s s s
eH%>eLf and engJreH%S—Ae, (7)
or
2y
s s s s
err > ey and e} f + ey > Af (8)

holds. Although conditions (7) and (8) are less transparent than the corresponding first-best conditions
(4) and (5), we can still observe that egy > err, holds at the second-best when motivation has a larger
impact than ability on effort and output provision. On the contrary, if er;, > ey holds at the second-
best, then it is because ability has a larger impact than motivation on effort and output provision.'®

We will then solve a relaxed program in which only PCpy, and some (mostly downward) incentive
constraints will bind.

There are two different cases to be investigated according to whether condition (7) or condition (8)
holds. In the Propositions that follow, we provide an interpretation of the two cases by considering which

incentive constraints are binding and why.

Proposition 1 Motivation prevails (Case M). When motivation has a higher impact on effort pro-
vision than ability, then condition (7) holds and a separating equilibrium with e > err, s attained. The
binding downward incentive constraints specific to this case are those of high-productivity types mimicking
low-productivity ones, that is ICpgysgu and ICp s The additional downward incentive constraint

s ICHHvsLL, connecting the previous ones.

If motivation has a higher impact on effort and output provision than ability, then from the principal’s
viewpoint, types can be ordered as LH = HH > LL > LH. Now we have to solve a bidimensional
screening problem which embeds and generalizes the two sub-problems with adverse selection on the
workers’ ability only (Benchmark BA in Subsection 2.1.2). The two sub-problems BA are now considered
simultaneously and linked by incentive constraint ICgp,srr,. Figure 1 describes this case. On the
horizontal axis we represent effort cost or productivity while on the vertical axis we have motivation.
Types are located at the corners of a rectangle whose width is the difference in effort cost, or A, and

whose height is the difference in motivation, or simply . An arrow from one type to another represents

I5Note that condition (4) is per se more restrictive than (7) and that condition (5) is again more restrictive than condition
(8). Hence, one can in principle expect some misalignment between first- and second-best effort levels as for intermediate

types. See Lemma 1 for further reference.
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that the incentive constraint that the former type does not choose the contract designed for the latter
type is binding.

Insert Figure 1 and Figure 2a around here

Intuitively, when motivation uncertainty is more relevant than ability uncertainty, the rectangle on which
types are located has height greater than width. Then, what we call the rule of the short side applies.
Since types LH and HH as well as types LL and HL are close to each other, then it is natural that the
incentive constraints that bind first are ICp s and ICLryspr- The remaining binding constraint is
the one that concerns “intermediate” types, namely ICyp,srr- Indeed, note that, since Case M occurs
when motivation « is high enough, then type HH is asked to provide a relative high effort in exchange

for a relatively low salary and she might find the contract (err,wrr) potentially convenient.

Proposition 2 Ability prevails (Case A). When ability has a higher impact on effort provision than
motivation, then condition (8) holds and a separating equilibrium with er;, > epgp is attained. The
binding downward incentive constraint specific to this case is that of the highly productive and motivated
type mimicking non-motivated agents, that is ICp s, As for the other relevant binding constraints,
three sub-cases must be considered: (1) Case A.1. The binding incentive constraints are the two adjacent
ones ICLwsar and ICHH.suL; (2) Case A.2. The binding incentive constraints are ICLLysur and

ICHHvsHL; (3) Case A.3. The binding incentive constraints are ICp,spr and the upward ICHgysLL -

If ability has a higher impact on effort and output provision than motivation, then, from the principal’s
viewpoint, types can be ordered as LH >~ LL > HH > LH. Now we have a plurality of situations arising
because the principal faces a trade-off between the need to satisfy condition er;, > ey g and the incentive
to increase e as motivation grows.

Case A.1 is the most natural one and is symmetric to Case M: it requires to solve a bidimensional
screening problem that consists of the two sub-programs related to adverse selection on workers’ motiva-
tion (as in Benchmark BM in Subsection 2.1.3) together with incentive constraint ICp,sgp (see Figure
2a). Now the rectangle on which types are located has height smaller than width, whereby the types that
are closest to each other are LH and LL as well as HH and HL. Then the rule of the short side again
applies implying that the incentive constraints that bind first are those of the closest pairs ICLHysLL
and ICypysgr- The remaining binding constraint is the one that concerns intermediate types, namely
ICr s Here, the motivation level v is sufficiently low and then type LL might be induced to mimic
type HH because the former can benefit from a lower effort ey and still enjoy a salary wpgy which
cannot be too low (given that motivation plays a minor role).

In Case A.2, motivation v is growing with respect to Case A.1 and it becomes high enough so as
to generate a small disutility from effort provision for worker of type HH. In turn, the wage offered to

type HH becomes so small, relative to the level of effort exerted, that type LL rather prefers to mimic
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HL. Case A.2 represents a bidimensional screening problem consisting of the two sub-programs related
to adverse selection on workers’ motivation (as in Benchmark BM in Subsection 2.1.3) which are now
connected by incentive constraint ICrr,spr (as in Figure 2b).

In Case A.3, motivation keeps increasing and the disutility from the effort exerted by type HH is
even lower than in Case A.2. Thus not only does type LL mimic type HL rather than type HH, but
it turns out that type HH mimics LL rather than H L, meaning that an upward incentive constraint is
binding here. This occurs when the motivated type H H values a relatively higher wage associated with
a higher effort (that she would obtain by mimicking LL) more than the combination of lower wage and

lower effort (that she would get by mimicking HL). Case A.3 is represented in Figure 2c.
Insert Figure 2b and Figure 2c around here

Figure 3 illustrates the existing classes of equilibria just presented. Which class of equilibrium realizes
depends on the relative position of the term %% with respect to the sum of different pairs of effort levels.
The term =5 again reflects the relative importance of motivation uncertainty vis @ vis ability uncertainty
and it is doubled since it must be compared to the sum of two effort levels, exerted by different pairs of
agents. In turn, such different pairs of effort levels can be singled out by examining the crucial incentive
constraints in each case (see Propositions 1 and 2 and Appendices C and D for further details).

Interestingly, Case M holds when v > +* while Case A attains when v < «*. Therefore, when effort
levels are aligned in a given way at the first-best, then the same ordering of effort levels arises at the

second-best.
Lemma 1 The ranking of second-best effort levels is always the same as the first-best ranking.

Proof. See Appendices C.1, D.1.1, D.2.1 and D.3.1. =

But it might also happen that neither motivation nor ability prevail. Therefore, it might be unfeasible
to separate intermediate types HH and LL and pooling equilibria with err, = egg = e, might occur.
As in the separating equilibria, we must distinguish here two sub-cases, the first one where the binding
incentive constraint is ICgpysmr, which is relevant when e, + egr > % and the second one where
the binding incentive constraint is ICrrysp1, occurring when e, + egp < %. When motivation and
productivity have a similar impact on effort provision, i.e. for values of « close to v*, then separation of
types LL and H H becomes impossible and Case A.1 converges to the pooling equilibrium with ICyg.sHL
binding, whereas Case M, Case A.2 and Case A.3 all converge to the pooling equilibrium with ICpp,sgr

binding (see also Figure 4 in Section 4).'6

16Pooling equilibria for the four classes of possible results will be analyzed in Appendices C.2, D.1.2, D.2.2 and D.3.2,

respectively. Pooling equilibria will be treated in a general way in Appendix D.4.
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It is possible to show that the solution entailing full participation and full separation of types always

yields the highest profits to the principal, who will then always implement it when possible.

Proposition 3 Independently of whether motivation or ability prevail, the principal’s profits are mazximal

at the solution with full participation and full separation of types.

Proof. The procedure for the situation in which motivation prevails is illustrated in Appendix C.3. The
proofs for the three possible cases that realize when ability prevails are equivalent and then omitted. m

In what follows, we will focus on the characterization of the four possible classes of equilibria with full
participation and full separation, relegating to the Appendix the analysis of the corresponding situations
with pooling and/or exclusion.!” For expositional reasons, we are going to start from Case M, then we
will treat the symmetric Case A.1 and, finally, we will consider the intermediate Cases A.2 and A.3. For
simplicity, in the text we just provide a qualitative description of the different solutions with economic
intuitions; we will relegate quantitative results, technical statements and proofs to the Appendices.

A comprehensive overview of the main results is provided in Section 4, which abstracts from the
heavy technicalities and procedural complexities and instead focuses on the economic intuitions and on

the relevant insights.

3.1 The solution when motivation prevails (Case M)

In Case M, a separating equilibrium with ey > err, occurs if and only if Condition (7) holds, that is
if err, +egg < %70-. Then, the constraints that are expected to bind at the optimum are ICppgysgmH,
ICHHvsLL, ICLLvsuL and PChy, as in Figure 1 (see also Proposition 1). In this situation, motivation
~ is high enough for type HH to be asked to provide a relative high effort in exchange for a salary that
is quite low (in fact wyy may also be lower than the salary offered to worker LL, as the inequality in
Remark 5 below points out). Thus, type HH might find the contract (e, wrr) appealing.

Given the binding constraints, we can derive the wage schedules which in turn must be substituted
into the principal’s objective function; maximizing with respect to effort levels yields the optimal efforts,

the optimal wage levels and the informational rents (i.e. indirect utilities) that can be ranked as follows.

Remark 5 When motivation prevails (Case M), at the solution with full separation and full participation,

the ranking of effort levels is

SBM _ _FB SBM _ _BA SBM SBM.
€LH =¢€Lg > €HH —C€gH > C€LL > CHL (9)

1"Note that, when considering contracts with some pooling or exclusion, we always find that the optimal effort for workers

that are neither pooled nor excluded is the same as in the fully participating and fully separating contract of the same class.
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the ranking of wages is

SBM SBM B SBM BM} > wSBM >0

Wi, g >maX{wHH ,wLLM}>mln{wHH y WL

and the ordering of information rents (indirect utilities) is

uSBM SBM SBM SBM
urg > upp >upp >upr =0.

When motivation prevails, all effort levels, except the one of the most efficient type of agent LH, are
strictly less than the corresponding first-best levels. Hence we have the familiar result of no distortion
at the top and a downward distortion in effort levels for all other agent’s types.!® Interestingly, ez
is equivalent to the effort level we obtained for type HH in the case of asymmetric information on
workers’ productivity only. This again confirms that we are studying a program which extends the two
sub-programs analyzed in Benchmark BA. Nonetheless, effort levels required from workers LL and HL
are characterized by a larger distortion than in program BA (see expressions for e? A and eBA). This
occurs because of the bidimensional nature of adverse selection, which in turn determlnes the cumulative
effect of information rents.

Information rents have the same ordering as effort levels, while there can be a twist in the ranking
of the salary of intermediate types. In other words, the principal could offer the motivated but high-cost
type HH a contract in which effort provision is higher and remuneration is lower than in the contract
proposed to type LL. This result is not trivial and depends on the peculiarity of motivated workers’
utility function, which admits voluntary work.!? Moreover, when wBM < w?BM holds, then it is always

SBM

the case that e/7;" < J , implying that for motivated high-cost types H H effort provision has an overall

positive impact on utility and does not represent a net cost.

Corollary 1 When motivation prevails, worker HH might be a “paid volunteer”: she is offered a positive

wage, given the information rents she receives, but she enjoys a positive utility from effort exertion.

Finally note that Case M corresponds to the situation where our bidimensional screening problem is
equivalent to a unidimensional screening one with four types, the unidimensional parameter of private

information being the workers’ overall cost of effort exertion.

3.2 The solution when ability prevails (Case A)

In Case A, full separation with er;, > ey g occurs if and only if Condition (8) holds, that isif err +epy >

%é (see Proposition 2). The participation constraint PCpy, is required to be binding and the relevant

18 All quantitative results referring to this Section are contained in Appendix C.

9n particular, w%%M < waM holds when the probability of motivation is low relative to the probability of low effort

cost, when the difference in effort cost is high and when the level of motivation is high too.
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incentive constraints that one assumes to be binding are ICppsrr, ICLLvsgm or eventually ICLp,smr
(whichever one binds first), ICymysar or ICymyspr (again whichever one binds first). Note that all
incentive compatibility constraints considered are downward constraints except for ICypg,sr, which
points upwards. Since ICLr,spr and ICgHyspr cannot be simultaneously binding at a separating
equilibrium, then the possible situations are the following: (1) all downward local IC's are binding and
thus ICLvson, ICLLvsarr and ICH pyspr hold with equality, as shown in Figure 2a; (2) the downward
local constraints ICL gysrr, and ICHgysm 1 and the global downward constraint ICT 1,57z, are all binding,
as shown in Figure 2b; (3) constraints ICL s, ICLLvsmz and the upward ICy g1, hold with equality,
as shown in Figure 2c.

Such three possible cases will be analyzed in detail in what follows.2?

3.2.1 Case A.1

Suppose that ICprspm (rather than ICL,spr) and ICy gysmr are binding (Figure 2a), which occurs
when e+ egyg > % holds. This represents the most intuitive case where the downward incentive
constraint between the intermediate types LL and H H is binding. This occurs when 7 is sufficiently low
so that worker HH receives a relatively high salary in exchange for a relatively low effort, and such a
contract is attracting for type LL.

This case is peculiar because an additional constraint needs to be satisfied: the rent accruing to type
LL when mimicking HH must be positive and this occurs if and only if ey > %é (which is obviously
more stringent than condition 8). In different words, only when + is sufficiently low, does type LL benefit
from mimicking type HH. Otherwise, type LL will rather prefer to mimic type HL as in Case A.2 and
Case A.3 that follow.?!

Being the former requirement satisfied, it is immediate to observe that information rents are increasing
in the effort exerted by the types that can be mimicked. Therefore, the result of no distortion at the top

and downward distortion in effort levels for all other agent’s types is still obtained.??
Remark 6 When ability prevails and ICLysup and ICygysar are binding (Case A.1), at the solution
with full separation and full participation, the ordering of effort levels is

SBAl _ _FB SBAl _ _BM SBA1 SBA1
€TH =C€Lg > €L =€rr > € > E€HL

20 All quantitative results referring to this Section are contained in Appendix D.

21Note that condition egg > %é implies condition epp > 2—9'1 Hence if LL receives a positive information rent when
mimicking HH, then it must be that type HH is not a potential volunteer and that she is experiencing a net cost from

providing effort.

228ee Appendix D.1 for the complete analysis.
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the ordering of wages is

SBA1 SBA1
WrH L

SBA1
> wy, WHL,

> wift >
and the ordering of information rents (indirect utilities) is

SBA1l SBA1
L

SBA1 __
urpg o > ur . =0.

> uifit > u

Note that e7241 is equal to the effort level we obtained for type LL in the case of adverse selection
on the workers” motivation only. This result is driven by the fact that this program extends the two sub-
programs analyzed in Benchmark BM. Instead, the effort levels required from the less efficient workers
(here types HH and HL) are characterized by a larger downward distortion than in program BM (see
expressions for eZM and eBM).

Case A.1 represents the unique instance in which wages and information rents always have the same
ordering as effort levels. Together with Case M, this case corresponds to the situation where the bidi-
mensional screening problem is equivalent to the unidimensional screening one with four types, the

unidimensional parameter of private information being the workers’ overall cost of effort exertion.

3.2.2 Case A2

Suppose that, together with PCyr and ICL 4511, the binding incentive constraints are now ICyysHL
and ICLpyspr (Figure 2b), which happens when ey + egg < % holds. Moreover ICHgys1,1, Mmust be
satisfied, which amounts to ey + ery > %%. This represents one of the less intuitive subcases where
type LL is able to obtain a higher information rent when mimicking type H L rather than type HH. This
occurs since motivation -y is high enough so that type HH is asked to make a relatively high effort in
exchange for a relatively low wage and her contract is not appealing to type LL.

Here, no type is willing to mimic worker H H, so that it is useless for the principal to distort effort
e downwards in order to reduce the information rent of potential mimickers. Hence, we do not observe

downward distortions with respect to the first-best effort levels neither for type LH nor for type HH.

Remark 7 When ability prevails and constraints ICrryspr, and ICHHysm1, are binding (Case A.2), at

the solution with full separation and full participation, the ordering of effort levels is

SBA2 _ _FB . _SBA2 _ _SBA1 _ _BM ._ _SBA2 _ FB SBA2
€LH  =€LH > €LL  =€LL  =€LL > €gH =C€HH > €HL
the ranking of wages is
SBA2 SBA2 SBA2 SBA2
Wi T > WL T > WHy © > WH (10)
and the ordering of information rents is
U§EA? S uSB? > uSBA2 S 384 — (11)
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Note that e?B42 has the same expression as ;P41 and as eM in Benchmark BM with adverse

selection on motivation. As already mentioned, both e724% and e75/% are equal to their first-best

levels, while both 7542 and e3542 are distorted downwards and e3/342 has a larger distortion than the
corresponding term in program BM.

In Case A.2 (and also in Case A.3, as will be clarified later on), wages have the same ordering as effort
levels, while the ranking of information rents is switched for intermediate types (and it is the same as in
Case M). Such a switch of the indirect utilities of intermediate types depends on the value of v which
is higher than in Case A.1 and sufficiently high to substantially reduce the disutility from the effort for
type HH.

Importantly, as stated in Result 5 of Appendix D.2.1, a fully separating and fully participating
equilibrium in Case A.2 only exist if u < %, that is if the probability of motivated workers is sufficiently
low. In fact, the information rents of workers HH and LH depend on -, which is relatively large in Case
A.2. Thus, this equilibrium exists if the total number of information rents that the principal pays to
motivated workers is not too high.

Intuitively, this situation seems to have good welfare properties since effort levels are less distorted
than in Cases M and A.1 which would lead to a higher total surplus; furthermore, the paths characterizing
informational rents in this case are shorter than in Cases M and A.1, thus suggesting a distribution of
total surplus in favor of the principal (see also Figure 2b). Despite our intuition, it is not possible to

provide a clear-cut comparison between Case A.2 and Case M.23 Nonetheless, Case A.2 and Case A.1

can be ordered in terms of total surplus.?*

Remark 8 The equilibrium allocation with full separation and full participation of types attained in Case

A.2 Pareto-dominates the corresponding allocation in Case A.1.

3.2.3 Case A.3

Suppose that, together with PCyy, and ICLg,s11, the binding incentive constraints are now ICL s
and the upward incentive constraint ICyp.srr (see Figure 2¢). This results in inequality exy + err <
%75 <egm+terr.

This program bridges Case A (in particular, Case A.2) and Case M. Indeed, the unique incentive

constraint that is shared with Case A.1 is ICLy,s, Whereas the other two binding constraints are

SBA2 5 ,SBM
— 1,

23 A sufficient condition for Case A.2 to yield higher total surplus than Case M would be €;; i for each type ij.

However, such inequality is not satisfied for type HL. The necessary and sufficient condition for Case A.2 to Pareto dominate
Case M amounts to Eij eiSjBA2 > Eij eiSjE”‘/f7 but it is not possible to assess unambiguosly whether such requirement is
satisfied.

24The sufficient condition for Case A.2 to dominate Case A.1 is e‘z{%’w > e‘z{BLAl

D.3.3.

which is always satisfied. See Appendix
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ICypysrr and ICL,sp1, as in Case M (see Figures 1, 2a and 2c).

Remark 9 When ability prevails and constraints ICprvspr and ICHHysLr, are binding (Case A.3), at
the solution with full separation and full participation, the ordering of effort levels is

SBA3 _ _FB SBA3 SBA3 _ _FB SBA3 _ _SBM
€rH ~ =C€Lg > €Ll > €gH =C€gy > €Hp = CHL

while the ordering of wages and information rents is the same as in Case A.2.%5
SBA3
HL

; SBM
has the same expression as ef7. .

Both e784% and e75{*? are equal to their first-best levels and e
Moreover, the usual downward distortion holds for the effort provided by types HL and LL, the latter
despite the upward incentive constraint ICg 5.1, being binding.

Nonetheless, when the optimal contract calls for exclusion of type H L (occurring for motivation levels
that are below the range in which full participation and full separation is guaranteed)?®, then it might well
be that effort e?B43 is distorted upward with respect to its first-best level. The existence of an upward
distortion in second-best effort levels parallels the result of sub-marginal cost pricing in Armstrong (1999).
A difference with respect to Armstrong (1999) is that sub-marginal cost pricing can only be found when
private and social incentives diverge (i.e. first- and second-best allocations are not aligned), while in our
model full alignment always occurs (see Lemma 1).

Considering effort levels at equilibria with full participation and full separation, a clear-cut and inter-

esting comparison across the different cases can be made.

Proposition 4 The equilibrium allocation with full separation and full participation of types attained in

Case A.3 Pareto-dominates the corresponding allocations in all other cases.

Proof. See Appendix D.3.3. m

Smaller distortions are usually coupled with higher profits to the principal. Unfortunately, it is not
possible to assess whether the higher surplus generated in Case A.3 is distributed in favor of the principal
or in favor of workers, since neither expected profits nor information rents are easily comparable across

cases.2”

4 Summary and interpretation of results

In this Section, we summarize our main findings and we offer some economic interpretations. We first con-
sider the four dominating equilibria with full participation and full separation, we then provide intuitions

on which equilibria with pooling or exclusion arise in-between the previous ones.

25Gee Remark 7 and comments below.
26Gee also Figure 4 below.
27Some partial results concerning the different distribution of surplus between principal and agent in Case A.3 and in

Case M are presented at the end of Appendix D.3.3.
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All our results have been presented as a function of the motivation parameter v that, in our model,
has economic meaning in the range (0,1]. We solved two broad classes of problems: when motivation
is high relative to the difference in ability Af, then ey > err holds (Case M); conversely, when the
difference in ability is high relative to motivation, then ey, > ey g holds (Case A). We showed that the
possible ranking of effort levels hold both at the first- and at the second-best, meaning that there is full
alignment between first- and second-best allocations or else that the distortions imposed by bidimensional
adverse selection are somehow limited.

We started by characterizing the two polar and most intuitive solutions of the model: Case M and
Case A.1. In those situations, the binding incentive constraints of the principal’s program are simple
to be identified since the rule of the short side applies. In particular, only downward local incentive
constraints are binding, namely those connecting types that are relatively closer to each other because
they are located on the short sides of the rectangle representing the type space. In both environments,
information rents are monotonically increasing while effort distortions are monotonically decreasing with
respect to the ranking of types. Interestingly, Case M and Case A.1 correspond to the situation where
our bidimensional screening problem is equivalent to a unidimensional screening one with four types, the
unidimensional parameter of private information being the workers’ overall cost of effort provision.

Case M occurs when motivation takes very high values and is more important than the difference
in ability, so that the short sides of the rectangle representing the type space are those connecting
types along the dimension of productivity. Thus, such case embeds and generalizes to the bidimensional
context the unidimensional screening programs with unobservable productivity and observable motivation
(Benchmark BA). Notably, Case M is the unique situation in which low-skilled, motivated workers can
become volunteers, that is they can be ready to work for free since they receive a wutility instead of a
disutility from effort provision. Nevertheless, we show that they are paid volunteers since they receive a
strictly positive wage; this is due to the information rents required for truthful revelation (see Corollary
1). Put differently, optimal contracts are such that the ranking of wages is not fully aligned with the
ranking of efforts and information rents (see Remark 5) since worker H H may receive a lower wage than
worker LL even if she exerts a higher effort. Nonetheless, type HH always enjoys a higher utility than
type LL.

Case A.1 arises when motivation not only is less important than the difference in productivity but
takes very low values, so that the rule of the short side becomes relevant and the binding constraints are
those connecting types along the dimension of motivation. Thus, Case A.1 embeds and generalizes to
the bidimensional context the unidimensional screening programs where productivity is observable and
motivation is not (Benchmark BM).

Between Case M and Case A.1, that is when motivation is still less important than ability variation

but is not too low, the two less intuitive situations occur: Case A.2 and Case A.3. Here a tension realizes
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since, on the one hand, type LL is asked to provide a higher effort than type H H; on the other hand,
as motivation increases, type HH workers face a diminishing disutility of effort so that it becomes more
and more convenient for the principal to ask them to provide a larger effort and to pay them a lower
salary. This tension leads anomalous incentive constraints to bind. In particular, Case A.2 emerges
when the downward incentive constraint ICp sy is not binding anymore and ICpr,smp is binding
instead, so that the principal has no interest in distorting downward the effort required to worker H H.
As a consequence, in Case A.2, together with the standard no-distortion at the top, we also find no-
distortion for type HH. The tension described before has even more drastic consequences in Case A.3
where motivation is rising. Now, not only is the downward incentive constraint ICpp,sgm slack, so that
no-distortion for type HH occurs, but the upward incentive constraint ICy g5y, is binding instead. In
other words, the disutility from the effort for type H H is so low that she is asked to provide an effort level
close to the one required from LL. Moreover, the latter worker is also receiving a higher wage, thus HH
is willing to mimic LL rather than HL. Notably, when full participation is not viable and exclusion of
type HL is necessary, Case A.3 is such that the solution might be characterized by an upward distortion
in the effort provided by type LL. This result parallels the one concerning sub-marginal cost pricing in
Armstrong (1999) and is peculiar to the bidimensional nature of asymmetric information.

Effort distortions are higher in Case M and Case A.1 as opposed to both Case A.2 and Case A.3,
where one more effort, namely egp, is set at the first-best level. In particular, we show that Case A.2
Pareto-dominates Case A.1 and, most importantly, we are able to prove that in Case A.3 the highest
possible surplus, among all second-best solutions, is reached. Nevertheless, the distribution of this higher
surplus is not necessarily in favour of the principal, who might fail to appropriate the benefits from the
higher efficiency.

We would expect Case A.2 to be characterized by less distortions and higher surplus than Case A.3,
given that information rents are composed by a fewer number of parts that are added up (as can be seen
following the paths highlighted in Figures 2b and 2c¢). Contrary to this intuition, Case A.3 ends up being
the best from a social point of view. The reason for this counter-intuitive result is the following. Effort
levels e and ey are both set at their first-best levels in both Cases A.2 and A.3, while downward
distortions for non-motivated workers are higher in Case A.2 than in Case A.3. In particular, in Case
A.2, worker HL has two other types being attracted to her and therefore ey, faces a stronger downward
pressure; in Case A.3, effort epy is subject to two opposing of forces: on the one hand, a downward
distortion is called for because of the potential mimicking by type LH, on the other hand an upward
pressure, which partially off-sets the former downward distortion, is exerted by type HH.

Since Case A.3 allows to obtain the highest social surplus, we reach the unexpected conclusion that
high motivation depresses total effort provision and thus total output production. This result is remi-

niscent of Van den Steen (2006), who analyses the consequences of pay-for-performance incentives when
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principal and agent might disagree on the optimal course of action and concludes that motivation might
be too high because it triggers agent’s disobedience.

Concerning the different types of equilibria we study (with and without pooling and/or exclusion),
an unexpected result is the following: no matter what the value of motivation is (and thus, no matter
which class of results is considered) the equilibrium involving full participation and full separation of
types yields the highest profits to the principal, who will then always implement it when possible. As
mentioned in the Related Literature, the strict dominance of fully separating and fully participating
equilibria is unusual in models of multidimensional screening, both for discrete and for continuous types
space.

Figure 4 describes emerging equilibria as a function of motivation, mainly focusing on the existence
regions for the four fully separating and fully participating equilibria. In the figure, we also consider
the main equilibria involving pooling and exclusion that arise in-between. All equilibria are mutually
exclusive, since for any given realization of the parameters v € (0,1] and 6 € (1,2], a different solution
is obtained. Moreover, according to either the probability distributions of motivation and productive

ability or to the magnitude of the difference in ability, some situations could be discarded.?
Insert Figure 4 around here

When implementation of fully separating contracts is not viable, the principal resorts to different
optimal contracts involving pooling of types. In particular, when motivation takes the lowest possible
values (that is to the left of Case A.1) then a pooling equilibrium where the low-ability types HH and HL
are given the same contract emerges. At the other extreme, for the highest possible values of motivation
(that is to the right of Case M), a pooling equilibrium where the non-motivated types HL and LL are
given the same contract is attained. Moreover, when neither motivation uncertainty nor productivity
uncertainty strictly prevail, we obtain a solution with bunching for intermediate types HH and LL.

When full participation becomes impossible, then the principal resorts to exclusion of either the worst
type or even the two worse types. As Figure 4 shows, the occurrence of equilibria with exclusion is really
limited and essentially relegated to small regions lying in-between fully participating and fully separating
Case A.1 and Case A.2 and in-between fully participating and fully separating Case A.2 and Case A.3.
Comparing our results concerning exclusion with Delfgaauw and Dur (2008)’s, we can state the following.
Our model suggests that, if exclusion is necessary, then it surely concerns the worst type of workers H L;
conversely, Delfgaauw and Dur (2008) point out that, when the government needs to hire at most two
types of workers and when motivation enters workers’ utility in combination with a concave function of

effort, types LH and HL are hired while types LL are left out of the public sector.

28 Appendix E considers the possible equilibria arising in the particular case in which the probability distribution of types

is uniform.
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4.1 Conclusion

It is argued that the efficient selection of workers is more effective, from the principal’s point of view,
than optimally designing incentives once the worker has been hired. In different words, firms might
partially solve their agency problems by hiring agents with specific preferences (see Brehm and Gates
1997, Prendergast 2007, 2008). This seems particularly relevant in a labor market where potential workers
can be intrinsically motivated for the job, as in the public sector where employees might be endowed with
public service motivation.

The existing literature on intrinsic motivation in the labor market has focused on two major issues:
(i) the lemons’ problem, mainly investigating adverse (vs propitious) selection effects of workers’ private
information on the composition of the pool of active workers; (ii) the sorting of different workers’ types
into different sectors (vocational and non-vocational) of the labor market. We depart from the first
strand of literature because we focus our attention at the individual level and examine a principal-agent
relationship. We also depart from the second strand of literature because we consider a single sector in
isolation. This allows us to examine bidimensional screening in all its essential features and to contribute
to the existing literature, where the problem of workers’ self-selection has either been avoided (because
full information on the workers’ attributes has been considered, as in Delfgaauw and Dur 2010), or has
been modeled in a reduced form (with only a subset of workers being employed, as in Delfgaauw and Dur

2008).

In our future research, we are willing to tackle the problem of sorting of different workers’ types into
different sectors of the labor market (being one of them vocation-based). In particular, we are going to
consider two principals competing for workers who are characterized by different motivation and skill
levels. One principal represents the vocational sector and is thus interested in screening potential workers
with respect to both motivation and ability (as in the present analysis), while the other principal is only

interested in workers’ skills.

A Appendix

B Constraints

For type LH the constraints are

1
wrH — 56%11 +vern 20 (PCru)
and
1, Lo
wrh — eLm +YeLH = WiL — ger +yers (ICLrvsLL)
1, 1,
won = €L +YeLH = WHH — Sey T VeHH (ICrLuvsn)
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1 1
WpH — s€Ly +YeLn > WHL — 56%[L +enr. (ICravstt)

2
For type LL:
1
wrp — §€%L >0 (PCLL)
and
1, 1,
WLL = 5€LL Z WLH — 5€LH (ICLLvsLh)
1, 1,
wiL = 5eir ZwHHfgeHH (ICLrvstm)
1, 1,
WLL = 5€LL 2 WHL — 5€HL: (ICLrvsn)
For type HH:
1
wHH*§96%—1H+76HH >0 (PCHH)
and
1. 5 L, 2
WHH — §9€HH +yenn = Wy — §9€LH +eLu (IChnvsL)
1, L) o
WHH — ieeHH +venn 2 wrr — §9€LL +err ({CHHvsLL)
1 1
WHH — 596%{;{ +vewH > wWHL — §9€%L +eHL. (ICHmvsHL)
Finally, for type HL one has
1
WHL, — 506%{L >0 (PChr)
and
15 L) o
WHL — 596HL > WLH — 596LH (ICHLvsLH)
1, 5 1) o
wir — 50eh = wir — 50er, (ICHLvsLL)
1 5 L) o
WHL — §9€HL > WHH — §9€HH- (UChrvstn)

One can show that participation constraint PCp g is automatically satisfied when PCyp and ICH gysH L
both hold. Also participation constraint PCp g is automatically satisfied when PCrr, and ICp g1 1 are.
Finally, once incentive constraint ICpr,sm and participation constraint PCp hold, then also partici-
pation constraint PCpy is satisfied. So, when all worker types are expected to be hired by the principal,
it is only necessary to consider the participation constraint of the worst type H L.

As for the incentive compatibility constraints, one can sum them two by two yielding a partial ranking
of effort levels. In particular, adding ICprysgr to ICHLywspr and summing ICygyspg t0 ICLHesHE
one has er; > en; Vj = L, H, meaning that, given motivation, effort required must be higher the lower
the effort cost. In the same way, adding ICygysgr t0 ICHLwsry and adding IC s to ICLLuwsLH
yields e;g > e;1, Vi = L, H. Namely, for a given effort cost, effort is higher the higher the motivation.

Hence the monotonicity condition (6) in the main text holds. Condition (6) also allows us to eliminate

27



some “global” downward incentive constraints and focus on “local” ones. Indeed, adding ICp s and
ICHvsHL one obtains

1 1 1
WL — 56%1_1 +vyerg > wHL — EQE%IL +veyr + §A96%_1H.

But, when ey > ep, the right-hand side of the above inequality is greater than wgy, — %e%IL +vemr,
which in turn implies that the global downward incentive constraint ICpp,sgr is satisfied when the two
local incentives constraints ICr gypsmm and ICH gysmL are.??

What about intermediate types HH and LL? Adding ICr1,sgg and ICHgysp one has
1
§A9 (err —emm)(err +enn) —v(err —emm) 2 0,

which is satisfied either under condition (7) or under condition (8) in the main text.

Using the same arguments as before, one can get rid of other global constraints. Suppose that
condition (7) is verified: then, it is easy to show that the sum of the local constraints ICL sy and
ICH vsrr, implies that the global constraint ICr g, .11, is satisfied as well. In addition, ICy sy and
ICLLysur imply ICyHysH. By the same token, suppose that condition (8) holds: then, one can prove
that constraints ICppysrr and ICLrysgpy imply constraint ICLgysgmp and also that ICpp,sgg and

1CH pysur can be used to eliminate ICLysmL -

C DMotivation prevails (Case M)

C.1 Full separation and full participation

Let us impose that ICLyvspr, ICHHsLL, ICLLvsgr and PCyy, hold with equality. Let us solve for the

wage schedules, which allow us to isolate the information rents received by each type of worker

1
wHI, = 596%]L7 (12)
_lo L nbe2 13
WL = 5ern t5Abenn (13)
Info rent worker LL

1 1 1
wHH:596%”[f'yeHHfiAHe%L+’yeLL+§A96%,L (14)

Info rent ?rv:)rker HH

and finally
1 2 1 2 1 2 1 2

WrLH — EGLH — ’76LH+§A9€HH — §A96LL +’7€LL + §A9€HL (15)

Info rent worker LH

29The same conclusion holds taking the two local incentives ICL gysrr, and ICL LysHI-
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All types except H L receive an information rent and information rents cumulate when moving from the
worst type H L up to the best type LH. Since information rents are always increasing in the effort exerted
by the types that can be mimicked, we observe a downward distortion with respect to the first-best for all
effort levels except the one of worker LH. Moreover, all information rents include at least one expression
of the form %Aﬁe?j as in Benchmark BA. Only motivated types HH and LH receive information rents
depending also on motivation «; in particular, the rent received by type HH when mimicking LL is given
by —%AH@% 1 + verr which is always positive and increasing in ey, when motivation prevails.® This
occurs since the binding constraint ICp g5, is here linking the two programs analyzed in Benchmark
BA.

Substituting the wage schedules into the principal’s objective function and maximizing with respect

to effort levels gives

M =1+, (16)
egppr = L= 130) _(g)(ly;r D (17)
SBM __ v(l—p) —py (18)

LL T (v (A —p) b
and
_ -na-p
R N )} )

Observe that all effort levels are always strictly positive, except for e72M. In order for e72M to be a

maximum of the principal’s expected profits, it is necessary to impose that both the numerator and the

denominator in expression (18) be positive,>! that is it must be that both

y< 2t (20)

where v > 1 for > 7% = pg (thus p > iy implies that v < v, is always verified), and

P ) e ) B

I

with p; > 1, hold.

As far as the monotonicity conditions are concerned, e;5 > e?PM is satisfied if and only if

(b1 —v)+v(1—p)Al _ s
v+ (1—-v)1->01-v)(1—p)) - ’

< 1 is always the case for (3uv — v — p) > 0, that is for v > % and p > G whereas, for

v >

where 15 BM

(3uv — v — p) < 0, inequality v*BM < 1 is true when

g bty =8mw+(A-v)(A-01-r)0=-p)
w4+ v —3uv

= P2

30 A similar expression holds for type LL in Case A.1 as described in Appendix D.1.1.

31This can be easily seen by collecting ey 7 in the principal’s objective function, once the wage schedules have been

substituted, and observing the sign of the coefficient of G%L'
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with p, > p; if and only if o > py (with g < %). Hence, it must be that 6 < min{p;, p,}. Moreover,

esBM < e3BM holds for
(=W (- (-) (= )DI _gp

TSR A —p(i—r)

with ¥9BM < 1 being always the case for p > .

Recall that condition (7) must be satisfied and this amounts to e?PM +e7FM < 2% which is equivalent

to
v O-D@vd-pA-—v)+v—p O —-1)) _ SBM
Tw(l-)(A-p)+O-Dr-p@+1)-O0-D1-)1-(1-v)1-p) '

where y3BM < SBM

if and only if § < p;, which must be the case. Finally, note that the chain of

inequalities v§2M < 4* < ZSBM <FIBM < 7o holds provided that the denominator of e?2M is positive

(which is our starting requirement), that is provided that 6 < p;.

Result 1 Full participation and full separation when motivation prevails. A solution to the

principal’s program, which entails full participation and full separation of types, which satisfies the

monotonicity condition e;ZM > ePBM > efBM > eFBM > 0, and which is such that effort levels

are given by expressions from (16) to (19), exists if and only if @ < min{py, p,} and y5BM < v <755BM
with
SBM — (p(A=v)+v(1—p))Ab
i = B0+ (I—1-»)(1—p))
=SBM _ (1=)(1-(1-v)(1-u))A0
T E Tae-a=0-na-p)
— 1-A—v)(A—p
P = m
py = Wtr=3w)+0-1)0-0-n)1-p)
2= (nt+v—3uv)

Interestingly, both v* < ¥5PM and min {p;, p,} < 2 hold, so that the alignment of second-best effort

levels with the ranking obtained in first-best under condition (4) necessarily holds.

C.2 Pooling and exclusion

When the equilibrium with full participation and full separation of types is not viable, meaning that the
conditions in Result 1 are not fulfilled, the principal will have to resort to different optimal contracts

involving pooling of types and eventually exclusion of some workers’ types. In particular, the range of

existence of a fully separating and fully participating solution is characterized by a lower bound ZSBM ,

BM SBM

which comes from the condition e?5M > e72M  and by an upper bound 795M

, which corresponds to
e BM > e2BM - Therefore, if v < 1SBM, the principal is forced to offer the same contract to both types
HH and LL, whereas if v > 79BM | we expect a pooling equilibrium where types HL and LL receive
the same contract. We refer the reader to Appendix D.4.2 for the detailed analysis of the first situation,

while we consider the second one in what follows.
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Suppose that there’s pooling between non motivated types and that er;, = enr = ep. Then the
ordering of effort levels is ey > egn > err, = enr, = ep and the relevant downward incentive constraints
that one expects to be binding are ICT ysgr and ICH s (or ICH gywsH L, which is equivalent) together
with participation constraint PCpy. Since here worker types LL and HL receive the same wage and

provide the same effort, uy; > upgp necessarily holds. The wages are

wrr = WHI = = —96— (21)
1 2

wpn = 50y —veun + vyep
2 ~—

Info rent worker HH
and

1 2 1 2

wLH = S€Lm ~ VeLH + §A9€HH + vep .

——
Info-rent worker LH

Substituting the wage functions into the objective function of the principal and maximizing yields

SBM

ein =eig =1+,
spv _ (1-v)(1+7)
HH (Q—V)

and

1—p) —
€LL = €eHL = €§BM (Aow)—py a M)N) :’y = e

Note that the expressions for ey y and eyy are the same as in Case M, meaning that no distortion at
the top is verified and that the effort of individual HH is lower than the corresponding first-best level.

Moreover, ey > egp still holds. Concerning eSBM

it is the same as in Benchmark BM, it is strictly
positive for 7 < v and such that ey > ¢35 holds if and only if

N v(l—p)AO
7 9(1—V)+MVA9775

always holds. Therefore, a solution characterized by full participation and pooling

where 15 < ISBM

between types LL and HL always exists when 75 <y < vBM _ Observe that the conditions of existence of

an equilibrium with full participation and pooling of workers HL and LL are less stringent than the ones

we obtained in Result 1 because the requirement ez2M < e72M is no longer relevant. Also note that the

SBM BM > eSBM > eSBM

pooled effort ez is always in-between expressions (18) and (19), in particular el

holds if and only if v > F98M,

Result 2 (i) Full participation and Pooling between types HH and LL when motivation pre-
vails. A solution to the principal’s program, which entails full participation and pooling between types HH
and LL and ICLLysmr binding, which satisfies the monotonicity condition ez BM > eSBM > erBM > 0,

and which is such that effort levels are given by expressions (16), (19) and

SBM _ v(l—p)+p(d—v)—pry
vl-—p+pl-v) 7

eLL*eHH—e
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is chosen if and only if 0 < p; and v* < < ySBM,

(i) Full participation and Pooling between types LL and HL when motivation prevails. A
solution to the principal’s program, which entails full participation and pooling between types LL and HL,
which satisfies the monotonicity condition e?BM > efBM > egBM > 0, and which is such that effort

levels are given by expressions (16), (17) and

1- ) —
erp =epp =ex?M = (St bt} i f)u) QN’Y,

is chosen if and only if 0 < p; and 9BM <~ < min {’YBM7 1} .

Note that y2M > 1 if and only if pu < %, therefore the principal always proposes a pooling contract
to types LL and HL when motivation is sufficiently high (i.e. for v > F5BM) and the probability of
being motivated is sufficiently low (i.e. for u < ). Conversely, when y > 3 and v#M < 1, then for
v > BM the principal will exclude type H L and fully separate the remaining types, since the probability
of motivated types is high and the productivity loss from type HL is low.

As for exclusion, the necessary and sufficient condition for full participation requires in general that,
for any type ij, the expected profit from employing type ij be higher than the expected information rents
that have to be paid her; this condition is satisfied as long as type ij’s effort is strictly positive. However,
the condition e;; > 0 might call for some restrictions on the parameter space, as in the Benchmark case

BM (see footnote 14).

Corollary 2 FEzxclusion of type HL when motivation prevails. A solution to the principal’s pro-
gram, which entails separation and exclusion of type HL, which satisfies the monotonicity condition efﬁM

> efBM > e3BM > ey = 0 and which is such that effort levels are given by expressions from (16) to

(18), is chosen if and only if pn > %, 0 < p, and vYPM <~y < 1.

In order to derive the conditions for existence and to characterize the equilibrium with exclusion of

type HL, we proceed as in the case with full participation, but we obviously drop worker HL from the

principal’s maximization program and we omit the constraint ez5™ < e2BM. Since the upper bound

FIBM of the existence range for an equilibrium with full participation comes precisely from the condition

e M < e9BM the range for the existence of a separating equilibrium with exclusion of HL is broader

SBM =SBM) Tn particular, a solution with separation and

on the right side with respect to the interval (y
exclusion of type HL exists for y5PM < v < v, and § < p;. Moreover, the optimal effort levels of the
remaining types are given by the same expressions from (16) to (18), even with exclusion. Instead, the
optimal wages of the remaining types will be lower than expressions from (13) to (15), since the portions

of the three information rents that depend on egy, disappear.
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C.3 Proof of Proposition 3

We want to show that the solution entailing full participation and full separation of types dominates both
full separation but exclusion of at least worker H L and full participation but pooling of two workers’ type.
Moreover, we prove that full participation and pooling of two different types dominates full separation
and exclusion of (at least) worker H L, whenever the two solutions coexist. We consider the situation in
which motivation prevails over ability (Case M). The same line of reasoning applies to Case A as well,
which is therefore omitted.

Start with the comparison between full participation and full separation of types and exclusion of
at least worker HL. The first solution dominates the second if and only if it guarantees higher profits
to the principal. As in Benchmark BA in Section 2.1.2, we must compare the costs and benefits from
participation of the worst worker type HL. The principal’s benefit from employing worker HL is the
expected profit

(1=p) (L =v)(enr —wnL), (22)
whereas the cost from participation of HL is represented by the information rents paid to the three
remaining workers’ types, which add up to

21— (=) (1 =) AbeE, (23)

Thus, the principal prefers full participation to exclusion of type HL if and only if (22) is strictly greater
than (23). Taking into account expression (12) for the wage wpy and expression (19) for ey, in Case
M, the inequality reduces to 2e75M > e35M  which is obviously satisfied as long as e3Z™ > 0. Similar
conclusions can be drawn considering exclusion of both workers HL and LL.

Consider now the comparison between full separation and full participation of types and full par-
ticipation but pooling of workers HH and LL. Now the trade-off between costs and benefits from full

separation becomes less clear, so let us resort directly to the comparison between the principal’s profits

under the two solutions. The principal’s payoffs under full separation and full participation of types are

2 1—v)2(149)2 1—p)—py)? 1-0)%(1—p)?
W%E,J\F/[P = %(VM (1+’7) +M( V%£V+7) + (17((111(71/);?17;;’\){27#0 + 07((17187(1/){1‘)7#)))

while, under full participation but pooling of workers HH and LL, profits amount to

s 1 2 (=) —yw)? | (=)?(1—p)?
TEPHH-LL = 3 (”“(”7) R (e +9_(1_(1_U)(‘1‘_M))>

It is immediate to check that ﬂf;g% p> W%%% =1 always holds.
Consider now the comparison between full separation and full participation of types and full partic-
ipation but pooling of workers HL and LL. The principal’s payoffs under full participation but pooling

of workers HL and LL are given by

2 _ 2 2 _ _ 2
W%%%L:LL = %(Vﬂ(1+’7) +N(1 ”éfi“) + ((19(@,:)7) )
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and, again, it is straightforward to check that 8%, > w32, _;  always holds.

Finally, consider the comparison between full participation but pooling of workers H L and LL and full
separation but exclusion of worker HL. Note that these two equilibria only coexist for F9BM < v < .

The principal’s profits at the latter solution are

2 1—)2(14~)? v(1—p)—p~y)?
WISTE%L:OZ %(Vﬂ(1+’7) + o (9)7()+7) + u((1(7ﬂ)li)y(l;91)1)>

v
SBM SBM : :
and TEB L1 > TES 1L—o if and only if

(1= ) =) g > (v (1= p) — ) 2.

The above inequality is always verified since, above 7°BM | one always has egB M o3 BM,
Note that the comparison between full participation but pooling of workers HH and LL and full

SBM

separation but exclusion of worker HL is meaningless because, below v , it is never feasible to

separate types HH and LL. So we are done.

D Ability prevails (Case A)

D.1 Case A.1

D.1.1 Full separation and full participation

When ability prevails, condition (8) holds and ep; > eypy together with er,+ egy > % must be

satisfied. Suppose that ICrp,sgy and ICgH.spr are binding, together with constraints PCpgp and
ICrHvsrr- Note that ICL,sgy is binding while ICy s is slack if and only if egr+ egg > %70-
holds, which in turn implies err+ egg > %.

Solving the binding constraints for salaries, one obtains the following wage schedules

1
WHI, = 596%_1[1, (24)
1 2
W = éeeHH—'yeHH +yenr R (25)
——
Info rent worker HH
1 2 1 2
wLL:§€LL+§A9€HH—’7€HH +vewrL (26)
Info rent worker LL
and
1 2 1 2
wLH:EQLH—’yeLH+’y€LL+§A96HH*’}/eHHJF’)/eHL- (27)

-
Info rent worker LH

All information rents, except the one of type H L, are strictly positive and have the usual cumulative
structure. They all include at least one expression of the form ~ye;; as in Benchmark BM where asym-

metric information is on motivation only. Only type LL receives an information rent which also depends
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on the difference in ability A#: this comes from the fact that this program embeds the two subcases in
Benchmark BM and links them through constraint ICrr,sgg. Type LH cumulates this rent too when
trying to mimic LL.

Substituting the wage schedules into the objective function and deriving with respect to effort levels

we obtain
ei B =147 (28)
egpar _Lp) = iny (1“) ;)W =M, (29)
spar_ U=v)p+(A—-(10-v)A—p))y
N e ) T (30
and
I=r)(Ad=-—p-(0->0=-r)d=-p)y
i = (=)~ | oy

Observe that efBAl and e?BAL are strictly positive, while e?241 > 0 if and only if v < vBM and

ez BAL > 0 if and only if
I-v)(d—p = 4$BAL
(1= =v)(1—-p)

Actually, e?BAl > 0 always holds when y < % or when e%BiAl

v <

is strictly positive, since eZZ41 > 0 implies

e7BAL > (0 (being yBM > 4BAL),

As for the monotonicity conditions, it can easily be checked that e72AL > e?BAL always holds, that
e BAL > eFBAL ig true for

A—p)A-(1—v)(1—p))Af _ ~SBA1
V< GOS0+ (- tp=0)) 12

FBAL 5 e9BAL IBAL 5 o3BAL and e BAL 47 BAL > %é all hold when < v5BAL,
Note that 584! < 4§BAL if and only if

p(d—vd-v)+v(d—p =)
v(l-(1-v)(1-p)

and that inequalities e

0 <

Finally, e7Zt > 2541 for

V(l—V) (1—M)A9 _ _SBA1
L C R YR N R

where it is always the case that y5541 < min {y7PA1 45BALL

In addition, it must be true that eSBAl > J (such condition ensures not only that ICrr,spm binds
while ICp1,smr is slack but also that the information rent obtained by type LL when mimicking type
HH is positive), which is equivalent to

p(l—v)Af — A$BAL
vAO+ p(1—v)(0+1) 5

v <
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where 73841 > 4SBAL holds if and only if p > = pg. Importantly, full participation and full

T
separation in Case A.1 is possible only if ;¢ > p, or if the probability of motivated workers is sufficiently

high, implying that information rents are not too costly. Thus.7 1> o is a necessary condition ensuring

that the two requirements ez5/'! > ez54! and e75{ > A@ can both be met. Finally, 7554 < 47BAL if
and only if
p(l+v)—v
0 < = prs
Cu-1)01-1-pd-v) 7
which is always the case for p < % Observe that 75841 < 4§B4L if and only if u < (17211)2(11;41/(171/) =

Lo, With py > % and that pg < p; if and only if p < us.
We are then able to state the following Result.

Result 3 Full participation and full separation when ability prevails and ICLy sur and ICHH.sHL
are binding. A solution to the principal’s program, which entails full participation, full separation

of types and constraints ICL,sgr and ICyH.sgr binding, which satisfies the monotonicity condition

eggAl > eSBAl > eSBAl > e

(28) to (31), exists if and only if pn >

SBAl > 0 and which is such that effort levels are given by expressions from

= g and lsBAl <y < FBAL with

1+1/
SBAl — u(1—u)(1—u)Ae
o = T0—»)(I-w)6—v)
,.—)/SBAI — min {,YSBAI 7§BA177§BA1}
and
SBA1 — A=v)(A—p)
1= T-a-wn)(d-w)
SBA1 _ A—p)(A-1-v)(1—p))Ab .
T2 T WOt (r(A—p) Fa(i-v))
SBA1 — u(l—v)AQ
73 = wAO+u(l-r)(0+1))

Finally note that v* > max {%SBAlﬂ“ngAla'YgBAl} is always true, therefore Case A.1 with full
participation and full separation is always a subset of the first-best state of the world in which condition

(3) holds.

D.1.2 Pooling and exclusion

Consider now the instances in which the equilibrium with full participation and full separation of types
is not viable.

SBAL corresponds to condition e?5M > e2BAL Thus, if

First of all, observe that the lower bound ~
v < ISBAI, then we expect a pooling equilibrium where types HH and HL receive the same contract.
Suppose that there’s pooling between the less productive types and that egg = egp = ep holds. Then
the ordering of effort levels is ey > ep; > ep > 0 and the relevant downward incentive constraints

that one assumes to be binding are ICLyysrr and ICLLyspr (or ICLLywsHH, Which is equivalent) with

participation constraint PCyy. Since here the incentive constraints ICr,sgg and IC,sH 1 are both
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N . . 1.2 _ 1,2 _ 1.2
binding by construction (meaning that wrr —5€7; = wun — 5€5y = WHL — 3¢€71,), Wwe do not need any
condition on the sum of ey and epr. Moreover, since the two types of workers receive the same wage

and provide the same effort, uy g > ugy necessarily holds. The wages are

1
WHH = WHL = Wp = —962

2= 97>
1 1

wrp = §ezLL + §A062

N——
Info rent worker LL
and
1 2 1 2
WLH = 5€Lm — YeLH + verr + §A9€£ .

~————
Info rent worker LH

Substituting the wage functions into the objective function of the principal and maximizing with respect

to effort levels yields
=147,
e$BAL = (1—p) =y = ¢BM
(1—p)
and
enn = emr =€, M = % =efy

Note that the expressions for ey and e, are the same as in Case A.1 (and A.2) with full separation,

meaning that no distortion at the top is verified and that the effort of individual LL is lower than the

SBA1l

corresponding first-best level. Moreover, erg > epr still holds. Concerning e, , which is strictly

positive, we expect that this effort lies in-between the effort exerted by types HH and HL in Case A.1

if and only if v < 15 BAL Finally,

with full separation. One can easily check that eZ5/*t < eg BAL < g3 BAL

ef B4 > e5BAL if and only if
(1—p)AO
eI

always holds, so that a pooling equilibrium with ey = egp =

v <

SBA1l

always exists

SBA1
where Yo > €

in Case A.1 for v < lsBAl.

Now consider the upper bounds (recall that condition v < 784! is equivalent to e%BiAl > 0, that

inequality v < 554! is equivalent to e BAl > e2BAL and finally that v < 7554t ensures that requirement

ePHM > 2% holds): if v > 79841, we expect an equilibrium in which either types HH and LL are pooled

together or exclusion occurs or both.??

Result 4 (i) Full participation and pooling between types HH and HL when ability prevails.
A solution to the principal’s program which entails full participation, pooling between types HH and HL,

32We refer the reader to Appendix D.4.1 for the detailed analysis of this situation.
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which satisfies the monotonicity condition e? 5t > e B4t > eSBAL > 0 and which is such that effort

levels are given by expressions (28), (29) and

1—-v
€HH = €HL = egBAl = 759_ V§7

is chosen if and only if 0 < v < XSBAI.

(i) Full participation and pooling between types HH and LL when ability prevails. A so-
lution to the principal’s program which entails full participation, pooling between types HH and LL and
ICHHysgL binding, which satisfies the monotonicity condition efg“‘l > egBAl > e%BiAl > 0 and which

is such that effort levels are given by expressions (28), (31) and

enn —epy = eSBAL _ vd-pw+pd-v)A+7)
P v+ (v (1 —p)+p(l—v))6’

is chosen only if F3BAY £ A§BAL gnd F9BA! < ~ < min {WSBP“,%SBAl} with

=~SBPa — (v(A—=p)+p(l—v))Al
v = pAOT (- tA-P) O]

Note that when y9541 = 4§BAL and 4§BAL <y < min {7541 §BA1}  the principal will necessarily
exclude worker H L. This would lead us to consider alternative solutions where either full separation but
exclusion of type HL (and where ICrp,spp and PCypy are binding), or pooling of types HH and LL

and exclusion of type HL, or else exclusion of both types HL and HH are implemented.??

D.2 Case A2
D.2.1 Full separation and full participation

Suppose now that the incentive constraints ICygysgr, and ICyr,sgr are binding, together with PCyy,
and ICLpgyspr, and that egy + egg < %é holds. In addition, ICypHyspr is satisfied if and only if
egr +err > %}g so that Case A.2 is relevant when ey, +egg < %5 <egr+err.

The salaries of types HH and H L are the same as in Case A.1, and given by (25) and (24) respectively,

whereas the other relevant wage levels are now

1 1
wry = ée%L +§A9€%{L (32)
Info rent worker LL
and
1 2 1 2
'LULH:éeLH_'yeLH‘i_’yeLL‘i_ﬁAeeHL. (33)

Info rent worker LH

SBA1l
)

33In the region v > % we do not provide the full characterization of the optimum (available upon request though)

because several different cases might arise and the analysis becomes cumbersome without being very insightful.
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The information rent of worker LL has the same expression as the one obtained in Case M and is
formed by one term only, which depends on the effort exerted by worker H L.This occurs because type
LL mimics type HL directly, without “going through” type H H, and thus no rent depending on eg g
appears. For the same reason, information rents accruing to both types LH and LL are “shorter” than in
Case A.1, as the paths of binding incentive constraints in Figure 2b show. More precisely, the information
rents of both types HH (see expression 25) and LL depend on the effort of worker H L; however in wr,
the rent is 3A0e?,, (as the one in Benchmark BA and in expression 13 of Case M), whereas in wy
the rent is vegy, (as the one in Benchmark BM). As a consequence, and as will be more clear when
describing Case A.3, we can interpret this specific sub-case as a program that is in-between Case A.1 and
Case A.3 which follows.3*

Substituting the wage functions into the principal’s expected profits and deriving with respect to

effort levels, we obtain

etit =147, (34)
1— ) —
eqpe = Bl = et = ofy, )
147~
it =~ =i (36)
and
spaz _ (1—v) (A —p)—yp) (37)

HL = UNO+0(1—p)(1—v)
Observe that both e754% > 0 and e7842 > ( hold provided that v < yBM | that e7BA2 > e7BA2 > pBA2
SBA2 -, (SBAY

SBA2 > eSBAZ

and e always hold while e?7 if and only if

(1*M)A97 SBA2
T< L+pAe 0

It is immediate to check that the condition v < 7842 implies both eSBA2 > 0 and eSBA2 > 0, being

77 BA2 < 4BM “and also that v§B42 < 45BAL always holds, being the requirement e? 842 > e75A2 = oI5

BA1 > e%BAl

more restrictive than e?? the corresponding requisite in Case A.1. Then, all monotonicity

conditions are satisfied provided that v < 7542, Moreover, it is easy to check that the condition

SBA2 SBA2 +6€BA2 > 2y

suffices for e/ > X5

Y <1
There remains to check that incentive constraint ICpp,sgr is binding rather than ICrr,sgy and
that ICypgysgr is binding rather than ICy g4s11,, which amounts to ey + ey < % <eygr+err. As

for efBA2 4 e9BA2 > ﬁ, it holds if and only if

A=) (AO(1—p(1—v))+2(1—p)(1—v)) _ SBA2
TS )2 (-0)+ A u(1—p(—v))+286(1—p) 12 ’

34See Appendix D.2 for the complete analysis.

39



conversely e?572 + e3542 < 2% holds if and only if

> AO(20(1—p) (1—v)+rA0) _ ~SBA2
T2 AITII—n) (A1) O+ D) T0AI(1—0)k J J

whereby a solution exists for Y9842 < y < min {7842, y5BA2} = 55842 Now, 9BA2 < §BA2 £ 5BA2

is true if and only if p < 5 and

1—p(l+
go_(-plev)
(1=2p) (1= p(l-v))
hence a separating equilibrium exists for pu < %, 0 > p; and '_ySBA2 <y < FOBAZ — ASBA2 while a

solution with full separation and full participation under Case A.2 does not exist for pu > %

We are then able to state the following Result.

Result 5 Full participation and full separation when ability prevails and ICyrp,sgr, and ICHgsHL

are binding. A solution to the principal’s program, which entails full participation, full separation

of types and ICLysur, and ICyHyspr binding, which satisfies the monotonicity condition efg“m >

SBA2

er P > eSBAQ

SBA2

> e > 0 and which is such that effort levels are given by expressions from (84) to

37), exists if and only if p < £, 0 > py and ySBA2 < v < FIBAZ with
2 3 A

SBA2 — AO(20(1—p)(1—v)+vA0)
X = WAO(A—p)(1—0) @+ D) +0A0(1—1)p
~SBA2 _  _ A(1—p)(AG(1—p(1—v))+2(1—p)(1—v))
v = 202 (1—0)+ A p(I—p(1—1)+2A6(1—p)
_ 1—p(1+v
P3 = T2m)A—pu(i-v)

Finally, observe that v5542 = 75842 < 4* always holds, thus implying that this solution is attained

when, at the first-best, condition (3) holds.

D.2.2 Pooling and exclusion

SBA2

What happens when full participation and full separation is not viable? Below v , one expects the

principal to exclude the less efficient types, namely HL and possibly HH too, while above 7842 one
expects to have a pooling equilibrium where types LL and H H are given the same contract and, possibly,
the worst type HL is excluded.?

Suppose then that the principal excludes type HL and offers him the null contract. The principal’s
program must be slightly modified with respect to full participation, the main differences being that
monotonicity constraint eSBA2 > eSBA2 is omitted and PCppy (rather than PCpy) is assumed to be

binding. Moreover, the requirement that incentive constraint IC', 1., szrr, rather than 1C 1, sz be binding

reduces to the need that PCyy, be binding and that e75/2 < %% holds, which is true if and only if

A SBA2
> —
T=hy1 T2

35We refer the reader to Appendix D.4.2 for the detailed analysis of the latter situation.
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where ISBAZ < ISBAZ

always holds when p < % Furthermore, the requirement that incentive constraint
ICH vsar rather than ICH,spr is binding reduces to the need that PCg g binds and that effAz > %5

be satisfied, which is true for

(1—p) A0 —SBA2
< -7 =
TE90 - rpne — T

with v5842 < min {ﬁSBAz, 7S BAZ} . Hence a solution characterized by exclusion of type H L, separation

of the remaining types and both PCp and PCp g binding exists for ZSBAZ <7y < min {ﬁSBAz,'_ySBAz} .

Result 6 (i) Separation and exclusion of (at least) type HL when ability prevails. A solution
to the principal’s program, which entails full separation but exclusion of type HL, both PCyy and PCpyp,
binding, which satisfies the monotonicity condition e7BA% > e9BA2 > e¥BA2 > ey = 0 and which is

such that effort levels are given by expressions from (34) to (36) is chosen when p < % and y9BA% <~ <

. —SBA2
min {ISBAQ, o } , where

SBA2 — _A0
x = 0+1)
=SBA2 _ (1—w)Ae
v = I0—p)tulo
The equilibrium characterized by exclusion of both types HL and HH is chosen either when v < ZSBAZ or

when 72 <y < y5B42,

(it) Full participation and Pooling between HH and LL when ability prevails and ICrrysur 1S
binding. An equilibrium with full participation and pooling between types LL and HH and ICyvsHL
binding, with effort levels described by expressions (34), (37) and

err = epp = eSBA2 — (v(1—p)+p(l—v))—yuv _ oSBM (38)
: A —p) +pud—v) P

SBPb

is chosen when v >~ , where

SBPb — (A=) +p—v)) AO(AO+2(1—v)(1—p)) S mSBA2
v = 0-(--)(T-m) Cw(I—p) +u(i—v)) +urA0) v

(7ii) Pooling between HH and LL and exclusion of HL when ability prevails. An equilibrium

with pooling between types LL and HH, exclusion of type HL and PCpy binding, with effort levels

described by expressions (34) and (38) is chosen when F9BA2 <y < ASBPY,

Observe that Result 6 (i7) describes precisely the same pooling equilibrium obtained in Case M for

motivation levels below the threshold y55M.

D.3 Case A.3
D.3.1 Full separation and full participation

Suppose that constraints ICrgvsrL, ICHHusLL, ICLLvsHL and PCyyp are all binding and that inequality

enr +err < %é <egm + err holds.
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The relevant wage levels are now

1 1 1
wHH:596%”[f'yeHHfiAHe%L+’yeLL+§A96%,L (39)
Info rent \:v'rorker HH
and
1 2 1 2
wrLH = EBLH776LH+7€LL+§A9€HL (40)

Info rent worker LH

together with wyr and wry as defined above by expressions (24) and (32), respectively.

The information rent of type H H in expression (39) is composed of two terms: the last one %Aﬂe%, I
is the rent received through type LL mimicking H L (which accrues to all types except HL); the first one
—%AO@ZLL + ~verr, is the part of the rent specific to type HH mimicking LL, and as we expected has the
same expression as in Case M. Such expression is positive if and only if er;, < %70-, which is always the
case when ep;, + egp < % is satisfied. Thus, all the terms appearing in the informational rent of type
HH are strictly positive. Moreover, the information rent accruing to type LH has the same expression
as in Case A.2. Also note that motivated types receive an information rent which depends both on the
difference in productivity and on motivation, so that this case shares some features both with Benchmark
BA and with Benchmark BM.

Substituting the wage functions into the principal’s expected profits and deriving with respect to

effort levels we obtain

efF =147, (41)
=7 i VS) _IZ)(IWV) Nk (42)
i = S = el = el (43
and
e = g e — . (44)

BA3

All effort levels are always strictly positive, except for e7P43. In order for e to be a maximum of

SBA3
LL
the principal’s expected profits, it is necessary to impose that both the numerator and the denominator

of its expression be positive: the numerator of efng’ is positive for v < 7, (see expression 20) and the

denominator of e7 243 is positive when

(p(d-—v)+vd—p)
p(l—v)

Note that p, > 2 if and only if u < v, thus under Assumption 2 the requirement 6 < p, is always satisfied

0 <

= Py

when p < wv.

As for the monotonicity conditions, it must be that e?P43 > 2843 which holds if and only if

(A=) v w)A0  _gpas
TSl - te-p)
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SBA3
< 7

where 79843 < ~* and 7 SBA3 >, SBA3

are always true. Moreover, e/ always holds and

SBA3

e7BA3 > eFBA3 is always satisfied when e7 843 > 3543 is (namely when v < 79843). Notice that 7743

is distorted downwards if and only if

7> (1=v)A) =754

where 77

BA3 - 55BA3 Hence if motivation is not too high, Case A.3 could be compatible with an upward
distortion in the effort of the productive but non-motivated worker LL.
Consider now the additional constraints ey, + egy < %é <err+egy. As for % <err+egm,it

is easy to check that it is always satisfied provided that v < WSBA?’, while er,r, + egr < %g holds if and

only if
S A0(1—p) (2v(1—v)(1—p)+(v—pu(1-1)?)A0)  gpas
SR (7 7y [ %)) 127 Ry Ry G R T V) R
where ZSBAg’ > 47843 (implying that e7 843 is always distorted downwards when full participation and

SBA3 < VSBAS when

g pizrFvl-p-vp(@-(0=pl=r)
p(=v)+vl—p) —vp(+A-pA-v))

with ps < p, if and only if

full separation is possible) and v

dv—12—1)—/(4v—v2—1))2—4v(3v—2)(1—v) 1
p< ( ) 2Bv—2)(1—v) =p1 >3

for v = 2).

(foru#%or if and only if u < ; 3

V=21
Result 7 Full participation and full separation when ability prevails and ICygyspr and ICLLsHL
are binding. A solution to the principal’s program, which entails full participation, full separation
of types and ICHmyspr and ICLLysgr binding, which satisfies the monotonicity condition efg’% >
epBA3 > efBAS 5 e¥BA3 > (0 and which is such that effort levels are given by expressions from (41) to

, E€TISLS 1] ana onty 1, < 5 <0< an, < <7 , WL
jsts if and only if 1 < py, ps < 0 < p, dISBA3<7 FSBA3 it

sBA3 _  A0(1—p)(2v(1—v)(1—p)+(v—p(1-r)*)A0)
2 = -0-T-w- )@ (-—p) - a(I-2v)A0)
~SBA3 —  _A0(u-v)+v(l—p))
v = o+ (pO—v)+rd-p)
_ (=) /(av—r2-1) 2 —ar(3v—2)(1-v) _ 1
H1 = 2Br—2)(1—1) >3
_ p(l=v)4+v(l—p
Pe= w(1—v)
—  wO=n)tr(—p)—vp((1-(1-p)(1-v))))
P5 = (uT=v)+v(i—m—vu((I+ 01— (1-1)))

Since 79843 < 4* always holds, this solution is attained when condition (3) holds at the first-best.

D.3.2 Pooling and exclusion

What happens when full participation and full separation is not viable? Above 75843 one expects to

have a pooling equilibrium where types LL and H H are given the same contract. And also below '_yS BA3

one still finds that this solution is relevant.
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Result 8 Full participation and Pooling between HH and LL when productivity prevails and
ICLLwsHL s binding. An equilibrium with full participation and pooling between types LL and HH
and ICp s binding, with effort levels described by expressions (41), (44) and (38) is chosen when
FSBAS <~ < 4 and when ySBPY < ~ < ZSBAZS'

Below 15 BA3

one also finds pooling between types HH and LL and exclusion of type HL and (pos-
sibly) a solution with separation but exclusion of type HL. Interestingly, in the latter case, it is possible
to have an upward distortion of the effort required to type LL, but not so important as to allow for a
pooling equilibrium where types LH and LL are given the same contract.

Suppose that type HL is left out. In this circumstance, the optimal levels of effort are the same as

under full participation, except for ey, = 0, and all relevant constraints are satisfied whenever the chain

of inequalities ey, < %5 <err +egy holds.

Now, % < e3BA3 4 e3BA3 s always satisfied when v < 795843 whereas e7 P43 < % is true if and
only if
N> v(l—p) A0 = 4SBA3
@ —p) —pAd(1-2) =

SBA3 SBA3 SBA3 SBA3
<x > 71

where always holds and where if and only if v > % Hence a solution
with exclusion of type HL under Case A.3 exists for ZSBAg’ <y <7843 and 0 < p,. Observe that, when
v < 3 and y9P43 <y < 4§BA3 the solution entails an upward distortion in the level of effort provided

by type LL.

Result 9 (i) Pooling between HH and LL and exclusion of type HL when ability prevails and
PCyy is binding. An equilibrium with pooling between types LL and HH and exclusion of type HL,
with PCyy, binding, with effort levels described by expressions (41) and (38), is chosen when v5PF? <

v < min {ISBA3,7SBPZ’} , where
SBA3 — v(1-p) A6
2 = @(-p)-phe(i-2)
,)/SBPb _ AO(w(A—p)+p(l-v))

(vpA0+2(v(1—p)+u(l-v)))

(it) Separation and exclusion of type HL when ability prevails and ICym,srr and PCrp are
binding. An equilibrium with exclusion of type HL and ICgg,sp1, and PCry binding, with effort levels

described by expressions from (41) to (43) is chosen only if v5B43 < 45BFb and 1SBA3 <y < ASBPY,

Result 9 describes precisely the same pooling equilibrium obtained in Case M and Case A.2.
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D.3.3 Proof of Proposition 4

Considering the comparison between total effort exerted in Case A.3 and Case M, it is immediate to

check that the following chain of inequalities holds

SBA3 _ _SBM SBA3 _ _SBA3 SBM - _SBM . _SBA3 _ _SBM
et =i =eip > el > epfif? = effy > ey > e M > et = M.
As for the comparison between Case A.3 and Case A.2, we have that e7 543 = 7842 = ¢F'B and

eBA3 = e3BA2 = elB hence a sufficient condition for Case A.3 to Pareto dominate Case A.2 in terms

of effort provision is that both e7 243 > 2842 and 7543 > 2842 hold. Now, e?B43 > 7842 is true if
and only if
A (1 —p)
<l - =
gl WAG+ (1—p) YLL

SBA3 > e%BAQ

while e/ is true if and only if

AOQL—p) (=) _
TN (I—p(1—p) HE

where vy < lsBAz < 7H9BA3 <~ < 4* always holds. Hence, when both Case A.3 and Case A.2 are

relevant, the sufficient conditions are met.

S’BAB — SBAl FB

Finally, considering Case A.3 and Case A.1, we have that e7 =el'B and e7BA3 =

ez B4 hence a sufficient condition for Case A.3 to Pareto dominate Case A.1 is that both e7 543 > ¢7BAL

SBA3 SBAL
L > €L

SBA3 « ,SBAl
and ey > eyt

hold. Now, 7543 > e7BAL is true if and only if v < v, while e7/5 is

true if and only if v > v, where v, < y7BA < F9BA3

< ypp <7 always holds. Hence, when both
Case A.3 and Case A.1 are relevant, the sufficient conditions are still met.

Concerning distributional issues, observe that information rents of non-motivated agents are the same
in both Case M and Case A.3, being w7 P43 = u?BM and w7543 = uzEM | whereas information rents of

SBA3 >

productive and motivated workers are higher in Case A.3, being u? EEM . Hence, independently of

which of the mutually exclusive cases realizes, the above-mentioned workers are always weakly better-off
in Case A.3 than in Case M. As for motivated, low-productive types HH, the ranking between w7213
and u3BM depends on whether Case M or Case A.3 attains: in particular, uz 5 > uz#*® holds when
Case A.3 is relevant. Since the surplus is larger in Case A.3 but u784% > u?BM holds, it is not possible

to conclude whether the principal is better-off in Case A.3 or Case M.

D.4 Pooling between intermediate types HH and LL

Suppose that the principal offers a single contract to both agents LL and HH. Then one has e;;, =

enn = ep and wry, = wgg = wp. The relevant constraints are

1
ep +vep

_eZLH +yerg = wp — 5

wLH_2

45



for type LH,

1
ef, Z”LUHL*§€%1L (45)

1
Wp — 5
for type LL or

1 1
wp — 59612, +yep > wHL — 596%1L +venr (46)
for type H H. Finally, for type HL

1
WHL — 596%{L Z 0.

The binding participation constraint is the one of type H L above, while all other participation constraints

are satisfied provided that PCpy, is. The monotonicity condition
eLH = €p = €HL

holds; but which incentive compatibility constraint between (45) (that is ICrr,smr) and (46) (or else
ICHHyspr) binds first? Taking into account the binding participation constraint of type H L, it must be
that
> 19 2 . 1 2 1A9 2
wp = max 5 €, — Yep + YeHL; 561’ + 5 €HL (-
Thus, (46) or ICHHvsm L is binding first when

1, 1y, 1., 2y
596}, —ep T YeHL 2 56+ §A96HL —eptenL 2 15

whereas (45) or ICLysir is binding when

1 1 1 2y
59612, —vep +verr < 562 + §A962}1L e, +eygr < g

In what follows we study the two sub-cases separately.
D.4.1 Pooling between intermediate types with ICyp,sp, binding

Suppose that when pooling occurs, ICygysm 1 is binding while ICp 1,51 1s slack. We call this situation

Case P (a). Then one has e,+ egr > %. Wages must satisfy

1
wHI, = 596%]L7 (47)
1 2
wy = 5967’ —yep + Yerr . (48)
Info rent worker HH
and
1 2 1 2
wLH=§€LH—7€LH+ §A9€p+’7€HL . (49)

[
Info rent worker LH

The wage w, has the same expression as wypy in Cases A.1 and A.2 (see equation 25). This is not

surprising since ICy pgysmr is binding in all Cases A.1, A.2 and P (a). Thus, as in Benchmark BM, the
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information rent of type H H depends on . Since ICy g5y is binding while ICp 1,551 s not, we expect
that the information rent of worker LL is higher than the one of worker H H. The information rent of
worker LL is given by 2A96 — 'yep + veyr, where 2A9€ —vep > 0 for e, > 0. This requirement is
more stringent than e,+ exr > <5 Ae and it must be imposed ex-post, as was done in Case A.1.

Substituting again the wage schedules into the principal’s program we find

iy =1+, (50)
¢SBPa — SBAL _ vA—-—p)+pd-v)d+7) (51)
P o vpAN+ (v (1 —p)+p(l—-v))0
and
e _ (1= =y (=1 =1) (=) o)

Ty
Note that ef5F* > edBP* and efBF* > P always hold. Moreover e2/7F® is the same as e7/f*

SBPa

since in both cases participation constraint of worker H L is binding. Also observe that e?;"® is strictly

positive if and only if v < 4754, and egBP“ > e?BPa if and only if
vp(1—v)(1—p)AG _ ASBP
R e s Sy i T e e ) B AR
where 'ySBPa < VSBAl always holds. Moreover, efBAl < eSBP“ < e2BAL if and only if v > 5 BAL and
the condition e, > <% holds if and only if
RN U2( B0 R (R -V R
20pANG+ (v (1 —p) +p(l—v)) (0 +1)
where 798P > ZSBP“ is always true, 798P < ~§BAL if and only if
g A=) A-p-v)+pd-v)1d-v{d-p)) o
(ev=1) WA= +p(-v)+20-v)2)
—alV 2 —alV V=4 . .
(always for v < l and p < (1-2) + 4((11_21/))2(1+2 W) My < %), where pg < pg < p; if and only if
p < fig, and 4§ BAL < FSBPa A SBALif and only if p < pu.

Thus, an equilibrium with full participation and pooling between types LL and HH and ICyg,sHL
binding exists if and only if yPP¢ < v < min {7754, 798P} Instead, notice that an equilibrium with
pooling between types LL and HH and exclusion of type HL and such that PCy g is binding exists for
~ < 5SBPa,

D.4.2 Pooling between intermediate types with IC1,sgr binding

Suppose now that when pooling occurs, ICLr,smr is binding while ICyg,smr is slack. We call this

situation Case P (b), in which e, + epp < %70-. Wages must satisfy
L) o
WHI, = §9€HL, (53)
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1 1
wy = 56;[2} + §A9€§_IL (54)
Info rent worker LL
and
wig = 2 — L ne2 55
LH = 5€LH Yerma + ’Y€p+2 €Hr - (55)

—_—
Info rent worker LH

The wage w, now has the same expression as wrr, in Case A.2 (see equation 32) and in Case M. This
is occurs because ICpr,sgr is binding in all the mentioned cases. Thus, as in Benchmark BA, the
information rent of worker LL depends on A#. Moreover, in the expression for wy g, the information
rent of worker LH has the same expression as in Case A.2 (with the term e, being equivalent to vyerr).
Since ICLyspr is binding while ICygyspr is not, the information rent of worker H H is higher than
the one of worker LL and is given by $Afe%, — 1 A2 + ve,, where —3Afe + ye, > 0 for e, < 3.
The latter inequality always holds, given that it must be e, + eqr < %.

Substituting the wage schedules into the program and deriving yields

e BPY =14+, (56)
sepb _ _sBm _ spas_ (1 —p)+p(d—v)) —yur 57
e =e, "M =2 = - = (57)
2 (vl —p)+pl-v)
and

SBPb (1-=v)(1—p)
e = , 58
S = (L= ) (1— ) 58)
where 2B is equal to e35™ and e?E43 since in all cases the incentive constraint IC1,sx1, is binding.

Note that eEBPb > 0 if and only if

vl-—pw+p(l-v) _sppp
v < w =7 y

which is always the case for u < 55, and which is such that F9BPb ~ ~* if and only if § < p, and

such that ¥98F% > lsBM and F9BPb > F9BA2 3lways hold. Furthermore, observe that e BPb > egBPb

and ez 5P > €757 always hold, while e55F? > e3P holds whenever eJBF > 0 is true. Finally, the

condition e BFb 4 e2BPb < %% holds if and only if

p
> (w(A—p)+p(—v))AO(AO+2(1—v)(1—p)) _ ~SBPb
T2 (- (-m)) Q) ta(d—0) tuwae) T
where VSBPb < min {V*ﬁSBPb} is always true and where WSBAZ < 'ySBPb and '_ySBA3 < 'ySBPb < WSBA?’

are also true. Thus, an equilibrium with full participation and pooling between types LL and HH and
IC1vsp 1 binding exists if and only if y98F0 < ~ < ~SBPb,
Concerning exclusion of the worst type, we need to consider a similar program where, instead of

having ICL1ysgr binding and ICyg,sm 1 slack, we need PCpy, to be binding and PCy g to be slack. In
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this case, the requirement 557+ ey, < 22 reduces to the more general condition e BFb < 22, which

is satisfied if and only if

v AL —p)+p(—v) _ SBPb
T (Al +2(w (A —p) +p(l—-v))
where 1SBPZ’ < 49BPb and lsBPb is smaller than 79842 provided that 6 < 2, namely provided that

Assumption 2 holds.

E Example

Let v, =0 and vz =~ € (0,1] and let 8, =1 and 0y = 6 € (1,2]. Assume that motivation and skills
are uniformly distributed across workers, so that = v = l. Case M is attained for 1 < 6 < 3 , Case A.2
does not exist, while Case A.3 holds for 2 < 6 < 2. Hence one can have three classes of problems: (i) the
difference in productivity is low and 1 < 6 < 5, and either motivation prevails and Case M is attained
or productivity prevails and Case A.1 holds; (i7) the difference in productivity is high and g <6< 2
productivity always prevails and either Case A.1 or Case A.3 hold depending on the value taken by ~;
(7i7) the difference in productivity is intermediate and % <6< %, productivity prevails and only Case

A.1 holds.

In situation (¢), one observes the following solutions: when 0 < v < % = ISBAI the principal
offers a pooling contract to low-skilled types HH and HL, when 954! < y < 5BAL = §BAL — Q0.

full participation and full separation under Case A.1 is implemented, when 784! < 4 < 75BPa — %

the principal offers a pooling contract to intermediate types HH and LL, which is such that ICg sy is

SBPb _ 2A8
= 9+3

v < ySBPb = (%,% there is pooling between intermediate types HH and LL with the constraint

SBPb <

binding, when 98P <y < 4 there is exclusion of both types HH and HL, when

ICL1vsir binding and exclusion of type HL. Note that v5BFP? < +* so that we still are in the domain

SBPb < v < ,YSBM _ 4A0

in which ability prevails and er; > egy. When v = 3031

we have pooling between
intermediate types HH and LL with the constraint 1CL1,smr binding but full participation is attained,
and we cross v* so that motivation prevails and egy > epr. When 'ySBM <y < 430A93 = VSBM < %, full
separation and full participation is attained under Case M. When 7°BM < ~ < 1 the principal offers a
pooling contract to non-motivated types LL and HL.

In situation (i7), one observes the following: when 0 < v < ¥SBP? there are the same equilibria as

in (i), when y9BFb < o < 5843 = %3&)0 we have pooling between intermediate types HH and LL

~SBA3 _ 240

) there is

with the constraint ICpr.,sm binding and full participation, when 'ySBA3 <y <y
full participation and full separation under Case A.3, when 79843 < 4 < 1, we have full participation
and pooling between intermediate types HH and LL with the constraint 1C},sg binding.

In situation (74i), one observes the following solutions: when 0 < v < y3B? there are the same
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equilibria as in (7) and (ii), when v98F% < 4 < 1 we have full participation and pooling between

intermediate types HH and LL with the constraint ICpr,sgr binding.
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